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Abstract

Given a graph with positive integer edge weights one may ask whether there exists
an edge cut whose weight is bigger than a given number. This problem is NP-complete.
We present here an approximation algorithm in NC which provides tight upper bounds
to the proportion of edge cuts whose size is bigger than a given number. Our technique
is based on the methods to convert randomized parallel algorithins into deterministic
ones introduced by Karp and Wigderson. The basic idea of those methods is to replace
an exponentially large sample space by one of polynomial size. In this work, we prove
the interesting result that the statistical distance of random variables of the small
sample space is bigger than the statistical distance of corresponding variables of the
exponentially large space, which is the space of all edge cuts taken equiprobably.

Keywords: Parallel algorithms, approximation algorithm, derandomization method, vari-
ance, Chebyshev's inequality.

1 Introduction

Given a graph G = (V, E), where n = [V| and m = |E|, with integer weights w(e) > 0 for
each e € E and a positive integer K, the max cut problem asks whether there is a partition
of V into disjoint sets V3 and Vs, such that the sum of the weights of the edges that have
one endpoint in Vi and the other in V; is at least K. The problem is NP-complete [4] and
remains so, even when w(e) = 1 for all ¢ € E (and even when the maximum degree in G is
less than or equal to 3) [6]. There are 2" edge cuts (including the cases whether V3 = @ or
V, = 0). It is clear that the variation of the problem which asks whether the proportion of
edge cuts whose weight is at least K is bigger than a given rational number, is still NP-hard
and in fact #P-complete (since it is the enumeration version of an NP-complete problem
).

*This work was partially supported by the EEC ESPRIT Basic Research Action No. 7141 (ALCOM II),
by the Greek Ministry of Eduncation and by NSF grant CDA-$211155,




The max cut problem and its approximate version are central in Computer-Aided
Design (CAD) for Very Large Scale Integration (VLSI) layout. It is listed in [12] as one of
the most important and applicable problems in Physical Design Automation. For example,
all of the existing methodologies for the Two-Layer Constraint Via Minimization (2-CVM)
problem are based on solving the max cut problem on a non-necessarily planar graph (which
is called the cluster graph). Furhtermore, it has been shown that uniess the cluster graph is
planar, the 2-CVM problem is NP-complete [12]. Thus, the approximate max cut problem
is of particular importance in the more general case of non-planar cluster graphs. An
additional application of the max cut problem is shown in [8] where the authors present
a heuristic approach for the min cut problem based on efficient solutions to the max cut
problem which, unfortunately, is polynomially solvable only for planar graphs. Thus, the
technique presented in [8] is applicable only for special cases where the auxiliary graph that
the authors construct is planar. Therefore, efficient approximate solutions to the max cuf
problem can make the method in [8] more applicable.

One may consider the space of all possible edge cuts of a weighted graph (2" of them).
Thus, by forming partitions of the vertex set at random, one may construct fast Monte
Carlo algorithms to approximate the max cut problem. Such an approach is, in general,
not very successful unless many random partitions are formed and running averages are
estimated.

We prove here the surprising result that there is an ©(n)-sized subset of edge cuts which
has the same mean edge cut weight and bigger variance compared with the space of all cuts,
taken equiprobably. This set of cuts can he constructed in NC, as well as the mean value
and the variance can be computed, in O{logn) parallel time by using O(n? + nm/ log n}
processors on an EREW PRAM. Furthermore, we prove that we can use the variance of the
smaller space to apply Chebyshev’s inequality on the random variable of the large space.
Since the variance of the smaller space is bigger than that of the space of all cuts, we get
a better upper bound on the fraction of edge cuts whose weight is bigger than a given
number, than we would have gotten with the smaller variance. Thus, this single, easy to
construct, set eliminates the need for the Monte Carlo approach and directly provides a
tight upper bound on the number (or the fraction) of edge cuts whose weight is bigger
than a given number. (This upper bound is tight in the sense that Chebyshev’s inequality
cannot be made more precise from just the mean and the variance of an otherwise arbitrary
distribution.)

QOur approach is based on the techniques for removing randomness from parallel al-
gorithms, introduced by Karp and Wigderson [7] and analyzed in depth by Luby [9, 10},
Goldberg and Spencer [6], and Alon, Babai and Itai [1]. These ideas exploit the fact that 2-



wise (or d-wise) independence (instead of complete independence) is all one needs in certain
randomized algorithms, and this remark, in turn, means that exponentially smaller sample
spaces suffice compared to what is required for full independence. We were particularly
motivated by the so-called simple PROFIT/COST problem of Luby in [10]. In that work,
Luby examined the expected value of a “benefit” function and proved that it stays the same
in the sinaller space. We examine, in addition, the variance and prove that it increases in
the smaller space. Thus the smaller space is a good predictor of extreme values in the large

space.

2 Preliminaries

Definition 1 Let C(V1,V3) be the set of edges with one endpoint in Vi and the other in
Va. Let W(C') be the sum of w(e) for e € C(Vy, V5).

There is an one-to-one correspondence between each partition (Vq,V2) of V and each 0/1
labelling { = {I; € {0,1} : i € V} in the obvious way (the vertices of V; are O-labelled).
Hence, each 0/1 labelling [ of the graph (G defines an edge cut C(f) Consider a probability
distribution on labellings [ such that each label [, is independently chosen to be 1 or 0 with
probability 1/2. In this space, each of the 2% labellings is equally likely. Let £2; be the
corresponding sample space, and (§21, Pry} the probability space.

Definition 2 Lei weight(v,w) = w(e) if e = {v,w} € E and weight{v,w) = 0 otherwise.
Let a function COST : V2 x {0,1}2 — Z* U {0} be defined such that, for any two vertices
v,w and their labels 1, 1, in a labelling i COST(v,w,l,, 1) = weight{v,w} if I, # L,
otherwise COST(v,w,l,,{,) = 0.

For ease of notation, we will write COST(l,,[,) instead of COST(v,w,1,,1,}. Clearly
then, the weight W{C) of a cut C(f) is W(C(])) = > (vwrer COST (L, L) where [, 1, € i
Let us define the random variable (r.v.) W on £, which is the weight of the edge cut
corresponding to a randomly chosen labelling [ according to the probability distribution
defined on 5. In fact, W is a function of the n independent r.v.’s I,, v € V. Let W and
o? be the mean value and variance of the r.v. W. By Chebyshev’s inequality then (for any
t>0)
1

7 (1)

i.e. by knowing the mean value of the weight of edge cuts and the corresponding variance,

Pr({W-W|>t.0)<

o

we get an upper bound on the fraction of edge cuts whose weight is greater than {-a.

Clearly (1) holds for W = the weight of the mazimum cut, too.



3 Properties of the ©(n)-sized Sample Space

Assume now that the r.v.’s I; (¢ € V) are defined (as in [10] ) on a specially designed
probability space (3, Pry), containing only ©(n) sample points w, such that the [; are
only pairwise independent. Then we can compute efficiently in parallel {(in NC) the weights
of the cuts corresponding to all the sample points w € €, and compute (in NC) the
corresponding mean values, variances and other statistics of the weights. This computation
will be meaningful only when the statistics in (Qg2, Pry) can be used to derive statistics for
the space Q; (and the corresponding distribution). We use here the (25, Pry) as constructed
by Luby in [10]; namely, Q; = {0,1}+1 & = [logn]. For each w € Q; we have Pr(w) =
2-(k+1} The rv’s { = {l; € {0,1} : i € V} are defined on (9, Pry) as follows: For all
i € Vlet < iy,49,...,1 > be the binary expansion of ¢. For all w € {2y, define [; at w to
be: Li(w) = (E;‘?ﬂ(ij w;j) + wr1) mod 2.

With this definition the r.v.’s are uniformly distributed and pairwise independent.
Furthermore, each label I; is equally likely to be 0 or 1. Luby publicized in his talks
that the r.v.’s are also three-wise independent. The following fact has also been proved

independently in [2, 11].
Fact 1 The random variables l; defined above are three-wise independent.

Note that the r.v.’s {; are not four-wise independent (see also {2]}, since the size of a four-
wise independent probability space is (n?). The following fact can be readily obtained

from [10] (see also [11]).

Fact 2 The mean value Wy of the weights of edge cuts in the space (Qq, Pry) is the same

as in the space (21, Pry) and is given by the formula:

Wo=E[ 3 COST(nl)= ¥ E{COST(ZU,ZW)]::éZw(e) 2)
{vw}iel {vau}eE el

where e = {v,w} and E[] is the expected value operator.

Before we proceed to our main result, we first prove the following technical femma.

Lemma 1 Let Uy, Uz, L, Ly be events in space {Qq, Pra)} defined as follows: Uy = “l, =
0AlL, =1"Us=“l, = 1Al,=0", L =%, =0Al, =17, Ly =%,=1A1, =07, where
v, w, tt, z are all distinct. Then, 11"1' < Pr(UslL;) < % fori=1,2and j =1,2.

Proof: Let the n X 2n matrix Ay of 0,1 be the matrix such that Ax(d,w) = Li{w) (n = Zk).
As it can be easily checked (from [10]) Ax41 is constructed from Ay as it is shown in figure 1.
Note that AL(i,w) = Al(i,w) = AL (i,w) = Ax(i,w) and Ag(i,w) = Ap(i,w) Vi,w. (The

A



superscript denotes the different occurrences of Ax while the bar denotes complementation.)
This can be verified by construction of /;(w). In the sequel with g, Q41 we shall denote
the corresponding sample spaces of A, Agyq respectively. We now prove the lemma by
induction for any » > 4. We prove it here only for ¢ = 1,7 = 1. The other cases are similar.
For n = 4 it can be easily verified that the assertion of the lemma holds. Suppose that
it holds for n = 2¥. Again for the sake of clarity, we shall consider the n X 2n matrix Ay
of 0,1 and its corresponding sample space ;. Therefore, in the sample space {2; we have
that Pr(Uy|L1) = 1/4 or Pr(Uy|L1) = 1/2. Let us analyze a little bit more the induction
hypothesis. The equation (I,,1,) = (0,1) holds for exactly n/2 points (columns) of A,
since Pr(l, = 0Al, = 1) = 1/4 (due to pairwise independence). This means that there are
either n/8 points of Ay such that ({,,1,) = (0,1) and »/8 points such that ({,,/,) = (1,0}
(and thus n/8 points such that (I,,1,) = (0,0) and n/8 points such that (I,,l.) = (1,1)),
or n/4 points of Ay such that ({,,1,) = (0,1) and n/4 points such that {I,,1,) = (1,0).
We shall prove the assertion of the lemma for n = 2¥*1 ie. for the sample space Qr41.
(I n is not a power of 2, we can just delete the last 2k+1 _ n rows of Apyq.) We distinguish
among the following cases.
Case 1; Fix two vertices u, z such that u, z € [1, 2%].
(1.a} v,w € [1,2%]. Because of the pairwise independence, we have (/,,1;) = (0,1) in n/2
columns (points) of Apyq, where half of them belong to Al and the other half to A{f. By
the induction hypothesis we have {1,,1,} = (0,1) either for n/16 or n/8 columns for each

of Ai, AE. Thus, for the new space Q44; we have ”—/1?1—7?/—1—6- < Pr(th)Lq) € "”fj;/s, i.e.

the assertion of the lemma holds.

(1.b) v, w € [2% 4 1,28+1]

(1.b.1) v = 2% +u,w = 2F + z. Then (by the pairwise independence) we have (I,,[;) = (0,1)
in n/2 columns of Agyq and (4, 1,,) = (0,1) in n/4 columns {of Aj4y)which lbelon.g solely to
AT We cannot have {I,,1,) = (0,1) in A; (while (I,,1,) = (0, 1)) because of the following
fact: suppose that ([,,1,) = (0,1) in column 7, 1 < 7 < 28! (ie. in AT}, Then in
the column 251 4+ j (in which (Z,,1,) = (0,1)) we shall have by the construction of Ay
(Iy,lw) = (1,0). Thus, Pr{Uy|Li} = 1/2 and the assertion holds.

(1.b.2) v # 28 + w,w # 25 4+ 2. There are n/2 columns with (l,,1;) = (0,1), where half
of them belong to Af and half of them to A{’. This is the same if we were restricted: 1)
lnew) = (0,1) while
(I, 1:} = (0,1), and 2) into Aﬁ” where Ve = v — 25, Wpew = w — 2* and looking for
(Limew s bmen ) = {1,0) while ({,,4,) = (0,1). (This last one happens hecause of A;). The

into Af; where vpey = v~ 2F, Wpew = w — 2% and looking for (1

Vnew?

rest of the proof now, is similar to case 1.a.

(1b.3) v # 2F + u, w = 2F + 2. Consider the first half of w. Then we are in the following



case: u,z, 0, W € Ai, w # v # z, w = z Then, for the row w = z there are n/4 1’s.
From the pairwise independence, these n/4 1’s correspond to n/8 0's and n/8 1’s of row
v. This means that there are n/8 ({,,1,) = (0,1). For the other half of w, there are no
pairs ({y, L) = (0,1). The reason is the construction of Ay, because in every column where
(I, 1:) = (0,1) (i.e. I, = 1) we have I, = 0. Thus, Pr{U;|Lq) = %—g = 1/4 and the lemma
holds.

(1.b.4) v = 2% 4+ u, w # 2F + 2. Similar to 1.b.3.

(1.c) v € [1,2%, v # u # 2, w € [28 + 1,2¥%1]. Consider the row w. The first half of
w, denoted as wq, belongs to ALf. This means that we can restricted into Aﬁ. Thus,
either n/16 or n/8 columns have {/,,!,,} = (0,1) by the induction hypothesis. The second
half of w, denoted as ws, belongs to A;. Therefore, we can be restricted into A? , but
now looking for (I,,{,,) = (0,0). This can be done by taking as w; the complement of the
real wy. By the induction hypothesis there are either n/16 columns with (I,,1,) = (0,0)
(corresponding to the case where there are n/16 columns having (I,,l,) = (0,1) in A]), or
none column with (I, 1,) = {0,0) (corresponding to the case where there are n/8 columns
having (I, 1) = {0,1) in AL). Thus, the lemma holds in this case too.

Case 2: Fix two vertices u, z such that u,z € [2F + 1,25+1], The subcases of case 2 and
their proofs are similar to those of case 1.

Case 3; Fix two vertices u, z, such that: either u € [1,2%] and z € [2F + 1,2%] or
u € [2F +1,25%] and z € [1,2%]. Again the subcases of case 3 and their proofs are
similar to the above ones. ¥

We are now ready to prove our main result.

Theorem 1 Let o}, 0% be the variances of the r.v. W in the spaces ($41, Pri) and (2, Pry)

respectively. Then, ¢% > of.
Proof: Let e = {v,w}. The variance o (in either space) is given by

o = EI(L COSTUw Y] - G w0 ®
Now, since (F,c5 COST(luy 1u))? = Teer COST 1y, 1) +2 52 COST (L, 1) COST (1, 1)
{(where the second sum runs over all {v,w},{u,z} € F such that {v,w} # {u, z}) and since
B[ en COST 1, 1w)) = 2 Y .cpw?(e) (in both spaces), we get finally (by (3)) the fol-
lowing result, where e = {v,w}, ¢/ = {u,z} and A = {{e, e’} e # &' he, e € E}:

ol = %}: w(e) ~ 1 dT owle) w(e)+2 D E[COST(ly,lw) - COST(L, 1)} (4)
ec B2 {e,e'}cA {e,e'}eA



Let Q@ = Y. E[COST(l,,l,) - COST(l,,1,)} where {v,w} € E, {u,z} € F and {v,w} #
{u,z}. Let @y, Q) be the values of @ in (Qy, Pry) and {Qg, Pry). We now calculate @ in

the two spaces.

Space (@1, Pri): To calculate @y, we split it into two parts, @ = Pi1 + P12 where

Pi1 =) _ E{COST(l, 1) - COST (I, 1)}

running over all {v,w} and {u,z} with » = u, and Py is a similar sum running over all
{v,w} and {u,z} with distinct v, w, u, z. Clearly, in the case of P,

E[COST(l,,1,) - COST(1,,1,)] =

= w(e) w(e) [Pr{l,=0Al, = 1AL =1)+ Pr(l, = 1 Al, = 0AL = 0)] = tuw(e) - w(e")
(because of independence of I,,,1,,,1;). Thus, P; = ;1172 w(e) - w(e') over all e, e’ with one
vertex in common. Similarly, Pr; = 13 w(e) - w(e') over all e, ¢ with disjoint vertices.
Thus, the variance in the space ({4, Pr1) can be computed straightforwardly with only

4-wise independence.

Space (Q9, Pra): Again, we split (), into two sums, Qg = Pp; + Py where Py runs over all

pairs of edges with one vertex in common and Py runs over all pairs of edges with disjoint
vertices. Due to 3-wise independence in (3, Pra), it is not difficult to see that Py = Pp1.

For Py we have: Pyy = 3. E[EICOST(1,,l)|COST(L,,1.)]- COST(1,,1:)] (5)
where the sum runs over all {v, w}, {u, z} with distinet v, w, u, z.

But, E[COST (1, L )COST(1,,1.)] can be computed using the the conditional proba-
bilities Pr(Uy|Ly), Pr(Uy|La), Pr(Us|Ly), Pr{Us|Ly), which in turn are provided by lemma
1. Therefore, (by lemma 1 and formula (5)) we have that %Zw(e) cw(e’) < Py <
%Z w(e) - w(e'), where e,¢’ € I and have no points in common. Hence, Py < Py which
implies that Q; < Q4. Now, by formula (4), we get 0} < 02 < o} + %Z wie) - wie'), which
completes the proof. R

We prove now that we can apply Chebyshev’s inequality on the r.v. W of (4, Pry)

using the variance in the space (Qz, Pry).

Theorem 2 For the rv. W of (£, Pry) we have Pr( 11717 -Wy| 2tz ) < fg, for any
t>40.

Proof: Since W} = W; and o2 < o2, we have W Wy} > t-g0 = |W-W5|>t-0y >t 0y
Let Ey, F; be events defined as follows: Fy = “EW -Wil>t 01" and E; = “IW - Wy >
t-o3”. Then E; = Ey, thus Pr(E;|E2) = 1 = Pr(kEq) > Pr(E;). But Pr(Eq) < %2 by
Chebyshev’s inequality. Thus Pr(E;) < f“g also. B



4 The NC Approximation Algorithm

The following algorithm constructs in NC the small space Q; and computes the mean and
the variance of W in Q.

(1) for all w € 5 and v € V compute in parallel I, (w) ;

(2) for all w € Oy compute in parallel W(C(I(w))) ;

(3) compute Wz ; (* using formula (2) *)

(4) compute 02 ;  (* using formula (3) ¥)

Theorem 3 The above algorithm constructs the ©(n)-sized space §}; and computes the
mean and the variance of W in Qa, in O(logn) time using O(n® + nm/logn) processors
on an EREW PRAM and thus provides a (tight) upper bound on the fraction of edge cuts

whase weight is greater than a given integer.

Proof: The correctness of the algorithm follows by previous discussion. Clearly, all the
steps of the above algorithm can be computed in O(logn) time, with at most O{n® +

nm/ log n) processors, using an optimal parallel prefix sum algorithm (see, e.g. [3]). il

5 (Conclusions and Further Work

The fact that ¢ # 0 and also that the mean value of the r.v. W in € is equal to
3 Y cep w(e), implies that there is an edge cut in Q3 with weight strictly bigger than the
mean. Since the maximum cut is at most ) cp w(e), we have a (1/2 + £) (for some £ > 0)
approximation solation to the max cut problem. Clearly, this solution can be obtained
within the resource bounds of theorem 3.

We do not have an analogous main lemma {as lemma 1) for higher moments, because
the corresponding conditional probability becomes zero for a smeall number of vertices.
Thus, the existence of a result like lemma 1 depends now on the weights of the edges of
the graph. In the special case where the values of all the weights are almost the same, we
can get a similar result to theorem I between the third moments in the two spaces. We
conjecture that, when the largest difference between the edge weights is o{n), then theorem
1 holds for all the higher moments. In such a case, tighter bounds would exist (and the
smaller space would approximately characterize the distribution of the cut weights of the
graph). It seems that our approximation scheme can be extended to handle other NP-hard

and/or #P-complete problems (especially graph partitions and weighted path problems).

Acknowledgements. We are grateful to Spyros Tragoudas for pointing out the appli-

cations of the max cut problem.
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Figure 1: Recursive construction of the smaller sample space.
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