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Abstract

We present the first polynomial time approximation algorithms for the balanced hypergraph parti-
tioning problem. The approximations are within polylogarithmic factors of the optimal solutions. The
choice of algorithm involves a time complexity/approximation bound tradeoff. We employ a two step
methodology. First we approximate the flux of the input hypergraph. This involves an approximate so-
lution to a concurrent flow problem on the hypergraph. In the second step, we use the approximate flux
to obtain approximations for the balanced bipartitioning problem. Our results extend the approxima-
tion algorithms by Leighton-Rao on graphs [21] to hypergraphs. We also give the first polylogarithmic
times optimal approximation algorithms for multiway (graph and hypergraph) partitioning problems
into bounded size sets. A better approximation algorithm for the latter problem is finally presented for
the special case of bounded sets of size at most O(logn) on planar graphs and hypergraphs, where n is
the number of nodes of the input instance.

1 Introduction

A hypergraph Gy = (Vi, Er) consists of n nodes and m hyperedges. A hyperedge e in Ej, is defined by
a subset of nodes V, in V3. Hypergraph partitioning is the task of dividing G into smaller parts. The
objective is to partition V} into sets such that the complezity of connections between the nodes in different
sets is minimized. A natural way of formalizing the notion of hyperedge complexity is to attribute to each
hyperedge in G}, some connection cost and to sum the connection costs of all hyperedges connecting nodes
in different sets of a partition P. The latter is also referred to as the cost of the partition P. For simplicity,
we use P to denote both a partition of V}, into sets and the cost of the partition.

Hypergraph partitioning often arises in the context of integrated circuit layout, testing and high-level
synthesis in VLSI [18, 1]. A circuit, often given as a netlist, is a description of switching elements and
their connecting wires. The elements may have integer weights representing layout area requirements or
fabrication costs. Similarly, the wires may have integer costs that express parameters such as the buswidth
of the net, i.e., the number of bits that can be sent across the net in parallel, or priorities that do not allow
critical nets to connect elements in different sets [18]. In circuit partitioning, the objective is to partition
the elements into sets such that the sum of the weights on the elements in a set is within a prescribed
range and the sum of the costs on the nets that connect nodes in more than a set is minimized. The sum
of the weights on the elements in the set is also called the size of the set.

Circuit partitioning is formalized as an operation on hypergraphs. An ezact or an approzimation
algorithm for hypergraph partitioning is an exact or an approximation algorithm for circuit partitioning.
Thus, the algorithms described in this paper for hypergraph partitioning apply for circuit partitioning as
well.

The problem of partitioning a hypergraph with uniform weights on its nodes into sets of size at least
three, or into two or more equal size sets, so that the weight of hyperedges connecting nodes in different

!Preliminary versions of these results appear in [19, 23].



sets is minimized has been shown to be NP-hard [8]. However, the special case when the sizes of the sets
are at most two can be solved polynomially using graph matching [8]. k

The problem of partitioning into two sets whose sizes have a constant ratio (balanced bipartitioning) is
central in VLSI Layout [18]. Bipartitioning algorithms are often used as a basis for partitioning into more
than two components. The latter partitioning problem is called multiway partitioning, and finds important
applications in VLSI layout if the sizes of the components are balanced, i.e., satisfy a predefined upper and
lower bound. We also refer to this problem as the balanced multiway partitioning problem [18]. Variations of
the multiway partitioning problem, including the problem of partitioning circuits with uniform weights on
the nodes into sets with small constant sizes, find additional applications in Built-In Self-Testing of VLSI
circuits [4, 15, 30]. Many heuristic solutions, without any provable indication on their performance, have
been proposed for balanced bipartitioning, balanced multiway partitioning [2, 3, 5, 12, 28], and partitioning

into sets of small constant size [15, 30].

1.1 Approximation algorithms for partitioning

Little has been done so far in the area of proposing approzimation algorithms for hypergraph partitioning.
The only existing polynomial time approximation algorithms are for bipartitioning problems on graphs. In
the latter problem the input is a graph G = (V, E) of n nodes and m edges, and the goal is to partition V
into two sets so that the sum of the weights on the edges with endpoints in two different sets is minimized.

Rao [25, 26] proposed approximation algorithms for balanced bipartitions of planar graphs. His method
is based on the computation of the minimum k-limited quotient separator. Let I(A) denote the size of a
set A CV. Rao [25] defined the k-limited quotient separator si for a partition (A, B) of V as

oo Tueawenu(ne) "
min{l{(V)/k, min{l(A),I1(B)}}

The minimum k-limited quotient separator is the minimum among all the k-limited quotient separators
of graph G. Rao proved [25, 26] that an approximation to the minimum k-limited quotient node separator
sy, suffices to approximate the k-balanced bipartition problem, where we insist that the ratio [(4)/I(V) is
at least 1/k for a fixed constant k. ? Let any k and &’ such that k£ < k' and k£ > 3, P(k') be the optimal
solution for the k’-balanced bipartition problem, and /,,;, be the smallest weight on a node of G.

Theorem 1.1 [By Rao in [26, 25]] Given a polynomial time algorithm that approzimates the minimum
k-limited quotient separator within a factor of K(n), we can construct a polynomial time algorithm for the
k-balanced bipartition problem with cost O(K(n)- P(k") -log(k/(k — k")) or an alternative polynomial time
algorithm with cost O(K(n) -1log(l(V)/lmin) - P(K)).

Let T be the time complexity of the approximation algorithm for the minimum k-limited quotient
separator. The time complexity of the first alternative in Theorem 1.1 is O(n - T'), and for the second
alternative is O(n - T + n - m -logn). In [25, 26], Rao presents exact algorithms as well as constant times
optimal approximations for the minimum k-limited quotient separator on planar graphs.

In addition, Leighton and Rao [21] use multicommodity flow techniques to approximate the fluz or
minimum edge ezpansion of a graph G = (V, E) with uniform weights on the nodes within a O(logn)

*The k-balanced bipartitioning problem is NP-complete [8].



factor3. The multicommodity flow MF problem, which involves many sources and destinations associated
to different commodities, is formally defined in Section 1.2. The flux a of graph G is defined as

= zuEA,UEB w(u’ v)
~ min{l(4),(B)} (2)

From (1) and (2) we deduce that an O(logn) approximation for the fluz leads to an approximation of the
minimum k-limited quotient separator for a constant k. Then, by Theorem 1.1, we have:

Theorem 1.2 Leighton-Rao’s algorithm obtains k-balanced bipartitions that have either O(log’n - P(k))
or O(logn - P(k")) cost, where k and k' are constants defined as in Theorem 1.1.

This algorithm was extended in [20] for graphs with arbitrary weights on the nodes, and obtains O(logn)
approximations of the flux as well as the minimum k-limited quotient separator. The time complexity of
the flux approximation algorithms in [21, 20] is determined by the multicommodity flow problems involved
in the approximation. In particular, if the instance is a graph with arbitrary weights on the nodes, the
expected time complexity is O(n? - m). In the special case where the graph has uniform weights, the time

complexity is improved to @(n -m - d), where d is the maximum node degree of G.

1.2 Our approximation algorithms

The input is a hypergraph Gj, = (Vj, Ex) with n nodes, each v, € Vj has weight I(vy) € Z, and m
hyperedges, each e, € Ej has weight w(ey) € Z. Let r be the maximum hyperedge size, i.e., the maximum
number of nodes on a hyperedge e € F}, and d be the maximum node degree, i.e., the maximum number
of hyperedges incident to a node v € V.

We first give some definitions. The flux « of a hypergraph G}, is defined in a way similar to the way
that the flux is defined on graphs. The goal is again to minimize the ratio, among all bipartitions (A, B)
of V},: sum of the weights on the hyperedges with endpoints in sets A and B over min{l(.A),!(B)}. For
simplicity, we refer to (2), for a formal definition of & on Gy. Thus, a hypergraph G, = (V}, E3) has flux
a if every set A of nodes such that I(A) < {(V})/2 is connected to the remainder of G, with hyperedges
of total weight at least a - I(A). We can similarly extend the definition of the limited k-quotient separator
s on a hypergraph Gp, and for simplicity we refer to (1) for a formal definition of si on Gj.

The first algorithms of this paper generalize the techniques in [21, 20] to obtain approximation algo-
rithms for balanced bipartitioning on hypergraphs. We use multicommodity flow arguments to approxi-
mate, within a O(log(n - m)) factor, the minimum k-limited quotient hyperedge separator s; of Gp, in
O((n + m)?-m - r) expected time. Furthermore, if the weights on the nodes of G are uniform, the time
complexity of the approximation algorithm can be improved to O((n +m) - m - r - max{d, r}).

Theorem 1.1 still holds for the more general case when the input is a hypergraph. Then by Theorems
1.1 and 1.2 we have a polynomial time approximation algorithm for the k-balanced bipartitioning problem
on hypergraphs, for any fixed k¥ > 3. Let k and k' be fixed constants defined as in Theorem 1.1, P(k) be
the optimal solutions for the k-balanced bipartitioning problem on hypergraph Gp, and I(V) = 3 ey I(v).

Theorem 1.3 The cost of our polynomial time algorithms for the k- balanced bipartitioning problem is
O(log(n - m) - P(k")) and O(log(n - m) - log({(V')/lmirn) - P(k)), respectively.

%It is NP-hard to compute the flux in general graphs [27].




The time complexity of both algorithms is O(n) times more than the complexity of the algorithm that
approximates the flux o and the k-limited quotient hyperedge separator sx of G.

In addition, we present polynomial time approximation algorithms for balanced multiway partition
problems on hypergraphs.* We consider the multiway partitioning problem into sets of size at most k,
and the problem of partitioning into sets of size at most k£ and at least k/3, for an input integer k. We
present the first approximation algorithms for this problems on graphs and hypergraphs. Let Py denote
the optimal partition to the problem of partitioning G into sets of size at most k.

Theorem 1.4 The cost of our polynomial time algorithm for the hypergraph partitioning problem into sets
of size at most k is O(log(n - m) -logn + Pyi1)/4)- If k <logn, the cost is O(log(n - m)-logn - P).

A similar result is also obtained for the problem of partitioning into sets of size at most k and at least
k/3. The proposed multiway partitioning algorithms use the algorithm for the k-balanced bipartitioning
problem recursively. Their time complexity is O(min{log(I(V)/k,n} - T), where T is the time complexity
of the algorithm for the k-balanced bipartitioning problem as presented in Theorem 1.3.

We also present alternative approximation algorithms for these multiway partitioning problems that
have reduced time complexity. The latter algorithms achieve polylogarithmic times optimal approximations
if either k is polylogarithmic or if r is polylogarithmic. Thus the algorithms apply directly to the problem
of partitioning into sets with small sizes in [15, 30]. Their time complexity is O(n - d - m) if G}, has unit
weights on the nodes and O(n? - m) in the more general case. Their approximation bound is given in the

following theorem.

Theorem 1.5 The cost of our second algorithm for the partitioning problem into sets of size at most k
(and at least k/3) is O(min{k, 7} -log?n- Px11)4). Furthermore, if k < logn the cost becomes O(min{k, 7}
log2n . Pk).

In order to obtain Theorems 1.3, 1.4, and 1.5, we must initially transform the input hypergraph to
a directed graph. Given a hypergraph Gj = (V4, Ei), we define its directed graph representation to be
a graph G = (V,&) as follows: The set of nodes V = V U A is defined as follows: Every node u € V
corresponds to a node in uj € V3. For every hyperedge v, € Ej there exist two vertices v and v°* € A.
Thus the nodes in set A are either labeled as in or as out. Clearly, the number of in nodes is equal to the
number of out nodes and we can consider them as tuples, where tuple (v™®, v°*) corresponds to hyperedge
op, € Ep. Set € is defined as follows: There exists a directed edge (v, v°%!) from node v'" to node v°*!
for each tuple of nodes (vi“, v°*) in set A. If hyperedge vy € E4 is incident to node up € Vj, there exists
a directed edge (up,v™) from node up € V to node v'™ € A, and a directed edge (v°**,us) from node
vt € A to node up € V. Therefore graph G has n 4+ 2 - m nodes and O(m - r) edges. Furthermore,
w(up, v™™) = w(v%, up) = w(v™, v°) = w(vy).

In addition, we study the two multiway partitioning problems on planar hypergraphs. We define a
hypergraph G}, to be planar if its directed graph representation G is planar. Let dj be the maximum
node degree of G}, Pi, be the optimal partition, and wy, be the maximum weight on a hyperedge e € Ej,

respectively.

Theorem 1.6 The cost of the proposed algorithm for the partitioning problem into sets of size at most
k = O(logn) (and at least k/3) on planar hypergraphs is O((1 + k - +/dy - wn/+/logn) - Pt); If Gy has
uniform weights on the hyperedges and d, = O(1), the cost is O((1 + k/+/Togn) - Py).

*Clearly, these approximation algorithms also apply to multiway graph partitioning problems.

4



Therefore our planar partitioning algorithm for the above values of k, outperforms the previous ap-
proaches if the hypergraph has bounded node-degree, and uniform hyperedge weights. These restrictions
apply often in VLSL

1.3 Multicommodity and concurrent flow problems

Most of the results obtained in this paper use multicommodity flow techniques. In this section, we define
the multicommodity flow problem and its optimization version which is called the concurrent flow problem.
We also survey existing polynomial time algorithms for solving or approximating concurrent flow problems.
This is important since the time complexity of most of our approximation algorithms is determined by the
solution or approximation of a concurrent flow problem that we define later in the section.

A multicommodity flow problem MF, defined on an undirected or directed graph G = (V, E) with a
capacity c(e) € Z* on every edge e € E, consists of a set of commodities. Each commodity i is defined
as a triple (s;,t;,d;), where s; € V is called the source of commodity ¢, t; € V is called the target or
destination of the commodity, and d; € Z% is called the demand of the commodity.® In MF the goal is to
simultaneously ship the commodities from their respective sources to their sinks so that all the demands
are satisfied subject to the capacity constraints on the edges of graph G. Thus a multicommodity flow
problem MF can either be characterized as feasible or infeasible.

In the optimization version of MF, we call it the concurrent flow problem CF, the goal is to route
the commodities so that we maximize the minimum, among the commodities, demand percentage routed.
Given a routing R of the commodities, the throughput z is the minimum routed demand percentage. The
goal in CF is to obtain a routing that maximizes the thoughput. Let z* be the latter quantity, i.e.,
2* = maxp 2. It has been observed [20, 27] that the problem of maximizing z is equivalent to the problem
of determining the minimum ratio by which the capacities must be increased in order to ship 100% of all
of the demands. The latter ratio, for a given routing of the commodities, is called the capacity utilization
A . We use A* to denote the minimum capacity utilization.

Recently, Leighton, Makedon, Plotkin, Stein, Tardos and Tragoudas [20] presented the first combina-
torial approximation algorithm for the concurrent flow problem for graphs with arbitrary edge capacities.
Their algorithm finds a feasible flow which ships at least (1 — €) - 2* percent of each demand, where € is a
constant 0 < € < 1. They maximize z by minimizing the capacity utilization A. Let n, m, K, ¢yq, denote
the number of nodes, number of edges, number of commodities, largest demand and largest capacity on
an edge of G, respectively. For a constant ¢ > 0, the algorithm in [20] achieves a (1- €) approximation to
the concurrent flow problem in O(n-m - K -log K -log3n) expected time. A deterministic version requires
O(n-m-K?-log K -log®n) time. The running time can be improved when K is large. Let K* denote the
number of different sources. In both the randomized and the deterministic algorithm we can replace K in
the running time by K™ at the expense of having to replace one of the logn terms by log(n - ¢pqz). Clearly
K <n.

In a concurrent flow problem we do not have max-flow min-cut theorems. Let (A, B) be a partition of
V into two sets A and B. Let the minimum cut ratio S be defined as
¢(A, B)

§= o laa b

In fact, there exist generalized versions where a commodity may have more than a source or target, real demands and
capacities [20]. However, in this paper we do not consider general multicommodity flows and we focus on multicommodity
flows that have integer capacities and demands.



where ¢(A, B) denotes the sum of the capacities on the edges with endpoints in different sets and d(A4, B)
denotes the sum of the demands on the commodities for which the source and the destination are on
different sets. ® The minimum cut ratio is the analog of the minimum cut in a single commodity flow
problem. [21, 20] have shown that for the all-pairs uniform demand multicommodity flow problem we have
that S/O(logn) < z* < §. In addition, combining the work in [13, 20, 29, 9, 24], for any multicommodity
flow problem the minimum cut ratio S and the throughput z it holds that §/O(log? K) < z* < §. The
above results are often refered to as approrimate maz-flow min-cut theorems. The techniques used to
obtain approximate max-flow min-cut theorems also guarantee approximations for the minimum cut ratio
S [13, 21, 29, 9, 24].

In [21] it has been shown that an O(logn) approximation for the minimum cut ratio in the all-pairs
uniform-demand concurrent flow problem leads to an approximation of the flux of a graph with uniform
node-weights. Combining the above with Rao’s approach in [25, 26], Leighton and Rao showed that the ap-
proximate max-flow min-cut theorems can be used to obtain approximations for the balanced bipartitioning

problem on graphs [21].

1.4 The All-Pairs Concurrent Flow (APCF) problem

In this paper, we present an approximate max-flow min-cut theorem for a concurrent flow problem on G, we
refer to it as the All-Pairs Concurrent Flow (APCF) problem, which allows us to obtain approximations to
the hypergraph balanced bipartition problem. A concurrent flow problem, can be defined on a hypergraph
by considering that a hyperedge e € Ej, with capacity c(e), connected nodes vy, ..., v,, behaves as a node
v with capacity c(e), connected to nodes vy,...,v, with edges of capacity at least c(e). Furthermore, the
minimum cut ratio S is now defined as
. (A, B)
T (4 B){ d(A, B) b

where the capacity c(A4, B) equals to the capacity on the hyperedges with endpoints in both sets A and B,
and d(A, B) is equal to the demand across the cut defined by the bipartition (A, B).

We now define a multicommodity flow problem on G} that will be useful in our flux approximation
algorithm. The all-pairs concurrent flow APCF problem on G} consists of a commodity between every
pair of nodes up, and vy € V3, where the source is node up, the destination is node vy, and the demand
is equal to {(us) - {(v)/2. From the discussion in the previous paragraph, the capacity constraints on the
hyperedges are viewed as capacity constraints on nodes. The APCF problem can also be defined on the
directed graph representation G, using arguments as in [17]: There exists a commodity for every (u,v)
source-destination pair, u,v € V, with demand {(up) - I{(vz)/2. The capacity constraints on the edges e €
& are as follows. Every edge (v™, v°%) has capacity ¢(v'®,v**!) = w(v,), where v, € Ej, is the hyperedge
that corresponds to (v**,v°%). Let Uy C Vj be the set of nodes on hyperedge v, € Ey. For every u € V

corresponding to up € Uy we have ¢(u, v™™) = c(v°“,u) = ¢(v™", v°¥t). We have:
Theorem 1.7 For the APCF problem G}, or G, Q(S/log(n-m)) =2*< S.

The above is a generalization of the result by Leighton and Rao [21] to hypergraphs. One can easily
combine the techniques used to derive Theorem 1.7 and the approach in [24] to obtain an approximate

81t is NP-hard to compute S optimally [27].



max-flow min-cut theorem for any multicommodity flow problem on Gj, with K commodities. 7 (These
generalizations are not considered here since they are not related to hypergraph partitioning.)

This paper is organized as follows. In Section 2 we prove Theorem 1.7 and we show how to derive an
approximation algorithm for balanced bipartitions as stated in Theorem 1.3. Our approach for obtaining
Theorem 1.7 uses duality arguments for concurrent flows on hypergraphs [21]. The dual of a concurrent
flow problem defined on a graph G = (V, E) has been formulated in [11, 27, 21]. In Section 2.1 we derive
similar duality arguments for a concurrent flow problem CF defined on a hypergraph G. In Section 2.2, we
use the dual formulation of the APCF problem to obtain polylogarithic times optimal approximations for
the balanced bipartition problem on G}. Observe here, that in order to use the duality arguments for the
ACPF problem, we must first derive (1—¢) approximations for the maximum throughput z*, for a constant
0 < € < 1. (We use the algorithms in [20] to approximate the APCF problem because they outperform
the alternative methods in {31, 27, 7, 6, 14].) Finally, in Section 3 we propose the first approximations
for graph and hypergraph multiway partitioning problems. As Theorems 1.4, 1.5 and 1.6 show, there is a
trade-off between worst case time complexity and performance guarantee among the alternatives. Section

4 concludes.

2 An approximation for the flux (and the balanced bipartition prob-
lem)

We first formulate the dual of any concurrent flow problem on the input hypergraph G, = (V3, E)). Then,
in Section 2.2, we use the duality arguments to obtain a polynomial time algorithm that approximates
the flux o of Gy, within a (Olog(n - m)) factor. The definitions of s; and a respectively on hypergraph
Gy, (as in (1) and (2), respectively), guarantee that a polylogarithmic approximation to the flux a suffices
to approximate s, within the same polylogarithmic factor. We can therefore use as a final step Rao’s
approach in [25, 26] to obtain polynomial time algorithms for the k- balanced bipartitioning problem with

costs O(log(n - m) - P(k')) and O(log(n - m) - log({(V')/lmin) - P(k)), respectively.

2.1 The dual of a concurrent flow problem on a hypergraph

In this section, we show a generalization of the duality arguments on multicommodity flow problems
[20, 11, 27] to the case of hypergraphs. Namely, we show that the dual equations of any concurrent flow
problem CF on G}, that has K commodities describe the problem of assigning weights to the hyperedges
of the input hypergraph G}, so that the sum over all commodities: distance from the commodity source to
the commodity destination multiplied by the demand of the commodity is maximized. Then we interpret
the above duality arguments for the APCF problem.

We obtain the dual equations for the CF problem by working on G = (V,£), the directed graph
representation of the input hypergraph G = (Vi, Er). For convenience, we formulate the CF problem as
the problem of minimizing the capacity utilization A.

We first construct the linear program of the latter minimization problem. Let inc(u) = U(v,u)égv-,
out(u) = Ug,v)ee v- Furthermore, let fi(u,v) be the flow of commodity 7 on edge (u,v) from node u to
node v, and d; denote the demand of commodity ¢ with source s; and sink ¢;. In the linear program we

minimize A, subject to

"In this case we have that Q(S/(log’n . K)) = 2* < S.



K
Z(fi(um, ) + fi(u,w™) < A e(u™,u™), V pair of nodes u™, u™ € A. (3)
i=1

and

if v# {s Vt}, Z filv,u) — Z fi(u,v) = 0, Yv € V, V commodity i

u€inc(v) u€out(v)
if v=gs, Z fi(v,u) — Z fi(u,v) = —d(7), Yv € V, V commodity ¢ (4)
u€inc(v) u€out(v)

if v=1t Z filv,u) — E fi{u,v) = d(3), Vv € V, V commodity ¢
u€inc(v) u€out(v)

The constraints in (3) are due to the capacity constraints on G. This set of inequalities guarantees that
we do not exceed the scaled by A capacity of any edge (ui”, u®*), ¥ pair of nodes 4", u°"* € A. From the
construction of graph G, we do not need to impose similar capacity constraints on the edges not listed in
(3). The constraints in (4) express flow continuity conditions. These equations ensure that each node s; is
the source of d; units for commodity i, and that each node t; is the destination of d; units for commodity
1. This guarantees that all the flows are going from the sources to the destinations.

The dual for the linear program is as follows. We introduce dual variables £(ui™, u°*!) one for each
directed edge (4™, u®¥t), Yu™, u°¥* € A, and £; 5;, £; s, correspond to the constraints in (4).

K
Maximize Z(Ei,g‘ - f,‘,s‘.) -d; (5)
1=1
biy—Lin + €(ui”,u°"t) >0, Vu™, u* e A (6)
ST e(umuty - f(u™,u) < 1, where £(u™,u) > 0. (7)

Vuin youtg A
Inequality (6) implies that £; ¢, can not be larger than the length of the shortest path, with respect to a
length £(u™, u**') assigned to edge (u'", u°*!) from node u'™ to node u°*, plus the value ¢; ;;. Furthermore,
due to the maximization of the function in (5), £iy, = {is; + diste(s;,t;), where disty(s;,%;) is the shortest
path between s; and ¢; subject to the length function £(s;,¢;). From the latter equality, we rewrite the

above set of equations as follows.

K
Maximize Zdistg(s,',tg) - d; (8)
=1
ST e(utm,ut) g(u,u) < 1, where £(u™, u) > 0. (9)

Vuin,uouteA
The maximum value of the above linear program is equal to A*. In general, A = 1/z is less than or
equal to 1/(3K, diste(s;,t;) - d;), where D wuin youte A c(u™, uo¥) . L(u™, uo*) = 1. Let £* be the length
function that minimizes 1/(°K, dists(si,t;) - d;). We have:

Theorem 2.1 The dual of a CF problem with K commodities mazimizes Y"1, disty(s;, t;)- d;, for a length
function £ on edges (u™, u®t), ui™, u* € A, such that Yyyin your c(u'™, uo*)-£(u™, u®t) = 1. Furthermore,
at optimality, there exists a length function £* so that the minimum capacity utilization \* is equal to
1/(TK, distes(si i) - di) under the constraint that Fyyin your c(ui®, u®) - £*(uim, uo4t) = 1.

8



The above theorem is expressed on the directed graph representation ¢. However, it can be translated
in a straightforward way on the input hypergraph G. The dual maximizes K, distes(s;, ;) - di, for a
length function £ on the hyperedges such that v, cg, c(us) - £*(up) = 1. We now translate Theorem 2.1
to the APCF problem:

Theorem 2.2 The dual of the APCF problem on G mazimizes } y, yev diste(u, v)-I(up), for a length func-
tion £ on the directed edges (w'™, w°™), wi™, wo € A, such that Fyyin your c(w'™, wo) - L(w™, woUt) = 1.
Furthermore, at optimality, there exists a length function £* so that the minimum capacity utilization \* is
equal t0 1/(L vy wev distes(u,v)-1(ur)), under the constraint that 3y, in youtecq c(w™, wout) - £ (win, wout) =
1.

2.2 A polynomial time approximation algorithm for the flux

In this section, we present a polynomial time approximation algorithm for the flux o of a hypergraph
Gp = (Vh, Ep).

In order to approximate the flux o of the input hypergraph G = (Vi, Er) we show that it suffices to
obtain an approximate max-flow min-cut theorem for the APCF problem on the directed graph represen-
tation G. For simplicity, we use S and 2* to denote the minimum cut ratio and the maximum throughput,
respectively.

Consider graph G, and a set C C A such that a node v that corresponds to a node vy € Ej is in C if
and only if v°*! is in C. We say that the triple (V1,V,,C) is a separation of G if and only if the removal of set
C disconnects V into two sets V; and V,. Clearly, for any bipartition (A, B) of Vj, we have a corresponding
separation (Vi,V,,C) on the directed graph G. Each separation (V4,V5,C) on G defines a cut, which we
denote by T'(C), with capacity ¢(T(C)) equal to the sum of the capacities on the directed edges (v'", v°*)

between all the nodes v** and v°** in C. From the construction of G, the cost

> w(en)

en€Enen on up€A A on v E€B

of the bipartition (A, B) on G}, equals to the capacity ¢(T'(C)) related to the separation (V1,Vs,C) of G.
Let d(T(C)) = I(A) - I(B) be the demand across the cut cut(C) in the APCF problem on G. We also
define the cut ratio S¢ (associated to a cut cut(C)) as follows. Let ey € Ej, up € A, and vy, € B:

Se=eMENATE)= ¥

enien on up A on vy
Clearly, S = min¢ S¢.2 Furthermore, for any concurrent flow problem we have that
<S8, | (10)
Assume that {(A) < I(B). Then a = ©(min{c(I'(C))/I(A)}). Thus, from the upper and lower bounds
on the value of {(B), we have that the flux o and the minimum cut ratio S are related as:
a=0((V)-9). (11)

We approximate the flux a within a log(n - m) factor by first showing that in the APCF problem on
graph G 2* = S/log(n - m). This is also often referred to as an approximate max-flow min-cut theorem

81t is NP-hard to compute the minimum cut ratio § [27].



for the APCF problem on G. (See also [21, 20].) Then we use arguments similar to the ones in [21], and
we modify our approach that obtains the lower bound so that we can find a partition with cost within an
O(log(n - m)) factor to the flux o of G.

We show that 2* = Q(5/(log(n-m)), using duality arguments for the APCF problem where we consider
lengths on the edges of the directed graph G. (See Theorem 2.2.) Consider a nonnegative function £* on
the edges of G that maximizes (approximately) the throughput z on CF. (Such a function can be derived
using the techniques in [20].) Let dist¢«(u, v) be the shortest path distance between nodes u € Vandv € V
under the length function £* on graph G, length( P(s;,t;)) be a function denofing the length of path P(s;, %)
from node s; € V to node t; € V subject to the length function £* on the directed graph G. Finally, let
I(s;,) and I(t;p) denote the weights on the nodes s;, and t;, of G that correspond to nodes s; and ¢; in
the directed graph representation Gj.

We present an algorithm, we refer to it as ROUT E, that routes the commodities so that

I(sin) - Utin) _

Zlength(P(8£,ti)) - d(Sip, tin) = Zlength(P(Sh ti))- 5
_ 0(log(7;- m)) _ O(l(Vh) -lc;g(n : m)) (12)

This establishes an approximate max-flow min-cut theorem for the ACPF flow problem on G (and thus
on Gj). Combining (10), (11), (12), and Theorem 2.2, we deduce that

Q(S/ log(n - m)) = #* < S.

Furthermore, in order to approximate the flux a, we only need to modify algorithm ROUT E as Leighton
and Rao did in [21]. The algorithm keeps track of amin, the minimum hyperedge expansion observed while
it runs. We show that (12) holds even if we substitute & by @min. Using similar arguments as above (for
the derivation of the lower bound for z*) we can easily deduce that o, is O(log(n - m)) - o, i.e., it is a
logarithmic approximation for the flux « of the hypergraph Gj.

We observe that our approach obtains a logarithmic times optimal approximation of the flux a. There-
fore we can afford obtaining a constant times optimal approximation for the APCF flow problem. This
can be obtained by the algorithm in [20] which returns a function £ on the edges of APCF. Although the
algorithm in {20] does not satisfy the constraint ¢ ¢(e){(e) = 1, we can scale down the lengths to satisfy
the latter constraint. For the sake of simplicity, we use £ to denote the scaled length function as well.

We must also reduce the capacities of the hyperedges appropriately. Let a, be the hyperedge expansion
of a single node v, i.e., the ratio sum of the capacities on the incident hyperedges over [(v). We can assume
that there is no capacity c(v'™®,v°**) on an edge (v™,v°“) of the directed graph G with cost more than
2 1(V3) - @™, where @™ = min{a,}. Such an edge will never participate in the computation of the flux
a. If a node had cost more than 2 -I(V}) - o™, we could have reduced its cost to the latter quantity
without affecting the computation of the flux a. Let C(E;) be the sum of the (reduced) capacities on the
hyperedges of G. Next, we describe ROUTE. A

Algorithm ROUTE

Step 1: Split each edge (v**, v°“!) into discrete pieces by placing max{1+ [£(v™", v°%*)-C(E})]} tokens,
each having capacity c(v'™,v°“*). Each piece has size C(E,)~!. Furthermore, the sum of the capacities on
the tokens is C¥F = 2 (v pout) (v, v - (1 + £(v™", v*¥)C(ER)) < 2+ C(Ey). (The latter inequality is
due to the constraint 3, ¢(e) - £(e) = 1 in the dual formulation of APCF problem.)
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Step 2: (a) Select a node v € V such that the weight !(v;) of the respective node vy € V}, is maximum,
to initiate a set § that contains nodes and tokens; Enhance set S by incorporating all the tokens incident
(in breadth first search expansion manner) to node »™*; Initialize i := 1.

(b) Extend set S by a level of tokens, expanding in a breadth first search manner along the directed
edges of G; Let 4, C; be the depth of the set measured in number of tokens, and the total capacity on the
tokens in the set at level ¢, respectively; If C; > (1+ a-D/ 4-1(V,) - C(E)) then go to Step 2(b).

(c) Let Vs be the set of nodes of V' which are also in S, and Vsj be the set of nodes in V}, which
correspond to the set of nodes V. Set Vs defines a bipartition of V3. If l(Vsh) > l(V})/2 then go to Step
3 else discard the nodes in set Vs and go to Step 1.

Step 3: Expand set § in a breadth first search manner, a level of tokens at a time to reach all the
remaining nodes in V. Now we have a directed breadth first search tree which determines a unique path
for each pair of commodities (v, uo¥t).

End of ROUTE

We show that if the route each commodity along the indicated path we guarantee the upper bound of

(12). First we prove that the condition at Step 2(c) will succeed at some iteration of algorithm ROUTE.

Lemma 2.1 Algorithm ROUTE always terminates.

Proof: By contradiction, assuming that the condition at Step 2(c) never succeeds. Assume that the
union of the removed sets at Step 2(c) is at least I(V})/4. Since none of these sets has size I(V})/2, their
union is in the range [I(V})/4,3 - 1(V4)/4]. Let ¢(S) denote the sum of the capacities on the tokens where
the expansion failed on the condition at Step 2(¢). By the definition of the flux «, we have that

3 e(S) > &iv"l (13)
S

However, the expansion condition at Step 2(b) guarantees that ¢(S) < a-D - C¥*/(4-1(V3) - C(ER),
where C* denotes the sum of the capacities on the tokens in §. From the latter we deduce that )5 ¢(S) <
(a-D/(4-1(V3)-C(EpR)) L5 Ci*. The term Y g C¥* cannot exceed 2 - C(E}). Therefore we have that
Sse(S) L a-D/(2-1(Vh)), and since D < [(V3)?/2, we have that 3 s ¢(S) < a - 1(V}4)/4, a contradiction
to (13). O

In order to prove the upper bound on (12), we need to show four lemmas. The first lemma refers to
the expansion Step 2(b) of ROUTE:

Lemma 2.2 e =a-D/(4-1(V3)-C(Er)) < 1.
Proof: Considering node v, we have that o < a,. Therefore
a- (Vi) <2-C(E). (14)

Since D < I(V3)?/2 we have that € < a-1(V})/(8-C(E})). The latter combined with (14) show the lemma.
a

Let CZ* denote the sum of the capacities of the tokens at the first level of expansion, i.e., the sum of
the capacities of the tokens incident to node v that initiates a set S which satisfies the expansion condition
at Step 2(c). The next lemma shows that Ci is a large portion of C(Ey).

Lemma 2.3 We have that C(E) = O(n-m) - C.
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Proof: After the capacity reductions on the hyperedges, C(Ex) = O(m - (V) - a™). Therefore the
node v that initiates sets S satisfies that C(Eg) = O(m - {(V3) - ay) = O(m - I(V3) - C2/l(v)). Let I(V'),
n' be the total node weight, and the number of nodes of the induced hypergraph when algorithm ROUTE
selected node v to generate set S. The selection of node v guarantees that I[(v) > I(V')/n' > I(V4)/(2 - n).

The lemma follows from the above inequalities. O
Lemma 2.4 The depth of the breadth first search tree at the end of Step 2 is O(I(Vy) -log(n - m)/(a - D)).

Proof: By a contradiction argument. Assume that the depth d of the generated tree does not satisfy
the lemma. Then from the expansion condition at Step 2(c) we have that Cq > (1 + (a-D/(4 - I(V}4) -
C(Ep))))4t - Cir, where Cy is the sum of the capacities on the tokens in set S at breadth first search
depth d. By Lemma 2.3, it suffices to show that (1+ (a-D/ (4-1(V4) - C(Ep))))4! = Q(nm). This can
be easily proven as in [13, 21}, by taking the logarithms of both parts of the latter inequality, and by using

Lemma 2.2. O

From Lemma 2.4 we have that, for all commodities (s;4, %) routed during Step 2, ; length( P(s;,t;))
d(sip,tin) = O((V3) -log(n - m)/a). The following lemma shows that for all commodities (s;,,1;) routed
during Step 3, we have that 3_; length(P(s;,t;)) - d(sj,,t;,) = O(I(V4) - log(n - m)/a).

Lemma 2.5 For all commodities (s;},, tiy,) routed during Step 3 we have that y_; length(P(s;, t;)) -d(sin, tin)
= O(l(V3) - log(n - m)/a).

Proof:
For each pair of nodes u and v, let P(u,v) be the unique path between u and v through the breadth-first
search tree. Let tlength(P(u,v)) denote the token distance along this path. We show that

Z length{ P(u,v))l(v)l(v)isO(C -log(n - m)/a). (15)

This suffices to show the lemma.
Let L(u) denote the number of breadth-first search levels of Step 2 before u is reached. (If u belongs
to T, then L(u) = 0.) Since T has token depth at most O(Clog(n - m)/a, we have that

tlength( P(u,v)) = O(l(V3) -log(n - m) - C/a) + L(u) + L(v).
Hence

> tlength(P(u,v)) - d(sip, tin) = O(tlength(P(u,v)) - I(u) - I(v)) =

= 0(Y_[l(V4) - Clog(n - m)/a+ L(u) + L(v)] - I(w) - I(v)) =
= O((V}) -log(n-m)-Cla) + O(E[L(u) + L(v)] - i{u) - I(v)).
Thus, we have that

Ztlength(P(u, v)) - d(Sip, tin) = O(I((Va) - log(n-m) - Cla) + OU(V) - Z(L(u) l(u))).  (16)

U
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In the final step of our proof, we observe that if at level 7 there is still /(u) weight on nodes that have
not been yet reached then the weight of the tokens at level ¢ must be at least o - L(u). (The latter is due
to the definition of the flux «.) Since the total the total token weight is at most 2 - C, we have that

> L(u)-l(u) £ 2-Cla. (17)

Observe that (17) together with (16), give (15), and thus the proof of our lemma. O

We observe when substituting & by ami, (the minimum observed hyperedge expansion while ROUTE
runs) in the expansion condition of Step 2(c), we obtain an equation similar to (12). The only difference is
that now « is substituted by @m,. The latter combined with (11), Theorem 2.2, and the fact that z* < 5,

results to the following theorem.

Theorem 2.3 The mintmum observed hyperedge expansion omin, while the modified ROUTE ezecutes,

has cost no more than O« -log(n - m)).

3 Multiway hypergraph partitioning
3.1 An algorithm for the general case

In this section we consider the problem of partitioning the input hypergraph G = (Vj, Ep) into sets of
size at most k, for some input integer k¥ < {(V},)/3. We present the first polylogarithmic times optimal,
polynomial time, approximation algorithm for this partitioning problem. The algorithm can also provide
approximations to the problem of partitioning G} into sets of size at most k and at least k/3. In the
following, we describe the algorithm for the problem of partitioning into sets of size at most k, we prove
its performance guarantee and we show how it also applies to the case when we impose a lower bound of
k/3 for each set in the partition. Observe here that, in order for the problem to be feasible, every node
must have weight at most k. Therefore [(V) < n - k.

First, we present and prove two lemmas. Consider hypergraph Gp; = (Vi;, Ep;), induced by the set of
nodes Vp; C V3. Let P and P5' denote the optimal partition into sets of size at most k and the optimal
3-balanced bipartition of Gp;, respectively.

Lemma 3.1 Ifk < I(Vi;)/3, then Ps* < Pi'.

Proof: Assume that the optimal partition of the nodes Vj; of a hypergraph G}; into sets of size at
most k consists of p subsets a;, 1 < 7 < p. In order to prove the lemma, it suffices to show that we can
assign the p subsets into two sets, named Vi;; and Vyi, so that both (V1) and I(Vi;,) are in the range
[[(Vii)/3, (2 - 1(Vh;)/3] and without breaking any set. To see this, we first sort the p subsets in increasing
order, according to their sizes. Then, while scanning the sorted list, we alternatively assign each subset
ai, 1 < i < p, into the two sets V4;; and Vjo, starting assigning to the set Vi, Clearly, (Vi) > [(Vhiz).
This is because we have that {(a;) > I(az), {(as) > I(a4), ..., and thus we have that [(Vy;1) > {(Vi;)/3. To
prove the lemma, it suffices to show that I(V};y) < 20;/3. Since I(az) > I(a3), I(a4) > (as), ..., it follows
that [(Vai) - {(a1) € I(Vhig). The lemma, follows since {(Vhig) = U(Vai) - {(Vhir), and {(a1) < I(Vh;)/3. O

From the proof of Lemma 3.1 we have:

Corollary 3.1 Given a partition Py of a hypergraph G, = (Vi, E}) into sets of size at most k < V3 /3,
we can always form a $-balanced bipartition of G, without splitting any set in Ppy.
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Suppose now that the input hypergraph G = (Vj, E;) has been partitioned (by some method) into p
subhypergraphs Gr; = (Vii, En;), 1 £ ¢ < p. Let P5' be the optimal 3-balanced bipartition of subhyper-
graph Gp;, and Pi be the cost of the optimal partition of G}, into sets of size at most k. For simplicity, let
Py also denote the edges that form the optimal partition into sets of size at most k. We have the following

lemma;
Lemma 3.2 If k < min;{I(Vy;)} then P, > Y5, Ps'.

Proof: We show that we can partition each one of the p subhypergraphs G}; into sets of size in the
range [[(Vi;)/3, 2 - 1(V4;)/3], by removing only a subset of the edges in the optimal partition Pj. For each
each set Vj;, we remove the edges in { P, N E4;}. The removal of these edges partitions the subhypergraph
Gh; into sets of size at most k < [(Vj;)/3. Thus, Lemma 3.1 applies for G;. From Corollary 3.1, we
know that we have also obtained a 3-balanced bipartition of Gp;. The same argument works for all the
subhypergraphs Gp,; simultaneously. O

We are now ready to present our multiway partitioning algorithm, we call it MULTIWAY, into sets of
size at most k. Let n be the number of nodes of the input hypergraph G,

Algorithm MULTIWAY

Step 1 If £ > logn, apply the balanced hypergraph bipartitioning algorithm of the previous section
recursively, each time doing a 3-balanced bipartition on any subhypergraph with size more than k. If all
sets have size no more than k exit.

Step 2 If k¥ < logn, apply the 3-balanced hypergraph bipartitioning algorithm for each set of size
more than 3 -logn. Now each resulting set a; has size greater than or equal to logn. Use an exponential
algorithm to partition each set a; into sets of size at most £.

End of algorithm MULTIWAY

Observe that the cost of each balanced bipartition of any induced hypergraph while we are iterating
at either Step 1 or 2 is O(log(n - m) times the optimal 3-balanced bipartitioning for that subhypergraph,
where 1, m are the number of nodes and the number hyperedges of G}, respectively. Let APP; be the
partition (and its cost) that MULTIWAY obtains for the problem of partitioning into sets of size at most

k. We have:

Theorem 3.1 Ifk > logn then APP; = O(log(n-m)-logn- Pyy1y/4); Otherwise, APP; = O(log(n-m)-
logn - Py).

Proof: Consider all the internal nodes at level ¢, 1 <4 < O(log(l(V},)/k) = logn, of the partition tree
formed while algorithm MULTIWAY runs. These nodes form a collection of sets V; for which Lemma 3.2
applies when k < {(V;)/3. The balanced bipartitioning algorithm of the previous section only guarantees a
3-balanced bipartitioning with cost O(log(n-m)) from the optimal 3-balanced bipartition of any hypergraph
Gp;. Furthermore, since we want to ensure that no set has size more than k, we perform a 3-balanced
bipartition even for a set of size k + 1. In this case, we may end up into sets of size (k + 1)/3. Thus,
from the performance guarantee of the balanced bipartitioning algorithm, we can only compare with
P(i41)/4, the optimal cost of partitioning into sets of size at most (k + 1)/4, and the cost of MULTIWAY
is O(log(n - m) -logn) + Pry1)/4)-

In the case where k = O(logn), we apply 3-balanced bipartitions on any subhypergraph with O(logn)
nodes. Let Gj; be any such internal node of the partition tree. Let Pj be the optimal partition of the
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input hypergraph G}, into sets of size at most k, and P, be the optimal partition of Gj; into sets of size
at most k. Clearly, |J; P¢*, the union of optimal partitions of hypergraphs Gj; into sets of size at most k,
partitions the input hypergraph G}, into sets of size at most k. We have that |J; Px; < Pj. Furthermore,
Lemma 3.2 holds for all the O(log(I(Vi)/k)) = O(logn) levels in the partition tree while we were applying
balanced bipartitioning. (The argument is the same as in the previous case.) Combining the above we
have that if ¥ = O(logn), then the cost of MULTIWAY is O(log(n - m) -logn) - Pg). O

Algorithm MULTIWAY also applies to the case when each set must satisfy a lower bound of k/3,
in addition to the upper bound k. Both Lemmas 3.1 and 3.2 hold in this case. Furthermore, the 3-
balanced bipartitioning algorithm always preserves the lower bound. The time complexity of MULTIWAY
is O(logn - T'), where T is the complexity of the balanced bipartition algorithm presented in the previous

section.

3.2 An alternative approach

In this section we show that the algorithm of the previous section can be modified to derive approximations
for special cases of multiway hypergraph partitioning. The bounds derived will be nontrivial if either &k (the
maximum set size), or 7 (the maximum hyperedge size) is o(n). We will call this algorithm MU LTIW AY 1.
Let Gy, = (Vh, En) be a hypergraph with n nodes and m hyperedges.

Algorithm MULTIWAY1

Step 1 Given Gp = (Vi, Ep), remove all the hyperedges that connect more than k£ nodes. Let D; be
the set of the removed hyperedges. Let Gy = (Vh, Ep1) be the resulting hypergraph.

Step 2 Represent Gj; by a graph G/, in which every hyperedge that connects r nodes is substituted
by a chain of length r - 1 that connects these r nodes. In G’, merge all possible multiple edges in one
weighted edge.

Step 3 Apply the generalization of Leighton-Rao’s algorithm as presented in [20] on G’ recursively,
exactly as we applied the algorithm of the previous section on the input hypergraph, to end up with sets
of size at most k. Compute the number of hyperedges that connect nodes in different sets. Let Dy be the
set of these hyperedges. The hyperedges in D; together with the hyperedges in D, form the solution to
our partitioning problem.

End of MULTIWAY1

Let AP Py be the partition (and its cost) obtained by algorithm MULTIW AY'1, and Py be the optimal
partition (and its cost) for partitioning G}, into sets of size at most k. Similarly, let APP; be the partition
(and its cost) obtained by the algorithm in [20, 29] for partitioning G’ into sets of size less than or equal
to k, and P/ be the optimal partition (and its cost). Finally, we use r to denote the number of nodes in
the largest hyperedge of G. The solutions obtained by algorithm MULTIW AY'1 are bounded by the

following theorem.
Theorem 3.2 APP; < O(min{k,r}-log?n)-Ps11)4). Ifk < logn, then APP; < O(min{k,r}-log’n)-P).

Proof: Clearly, all the removed hyperedges at Step 1 are participating in any partition and thus in the
optimal. We now prove the theorem for the case when k£ > logn. Similar arguments can be used for the

case when k£ < logn.
We have that APP, < APP[, and we only need to prove that APP] < O(min{k,r}-log?n)- Pry1)/4)-
Using arguments similar to the ones in Theorem 3.1, we can show that if we apply the algorithm in [21]
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on G’ recursively (as we described in MULTIWAY on Gj) we have that APP} < O(log?n) - Fleta)/4)-
(Recall that the algorithm in [20] guarantees an approximation bound of O(logn) from the optimal balanced
bipartition.) Thus, we only need to show that OP (’k+1)/4 < O(min{k,r})- Ps41)/4)- Observe that there
exists a partition of G’, call it APP,;'/3, such that APP(/;c+1)/4 < min{k,} - Prt1)/4- This is true since
the largest hyperedge on G can connect at most min{k,r} nodes. However, P; < APP[ since P} is the
optimal partition of G’. O

Let ¢mqar be the maximum capacity on any edge of G and dj be the maximum node degree of Gy.

The theorem below can be shown with arguments as in [20].

Theorem 3.3 Algorithm MULTIW AY 1 can be implemented in O(n?-m-log(n?/m)-log(n-cmaz)) expected
time. If Gy, has uniform weights on its nodes then it can be implemented in O(n - dj - m - log?n) time.

Similar results can also be derived for the case when we impose a lower bound of k/3 for each set. The
justification is identical to the one presented for the algorithm in the previous section.

3.3 Planar hypergraphs

In this section, we consider the special case of partitioning a planar hypergraph Gy, = (Vj, E}) into sets of
size at most k = O(logn). As mentioned in the Introduction, we define a hypergraph G}, to be planar if
its bipartite graph representation is planar. Our algorithm for planar hypergraph multiway partition uses
the separator algorithm obtained in [22] for planar graphs. An initial a preliminary step in our multiway
planar hypergraph partitioning algorithm is to transform the input hypergraph G = (Vj, Er) to a planar
graph G = (V, E), so that V = V}, and each hyperedge e € F} connecting nodes v;, 1 < ¢ < p, corresponds
to a chain connecting the same nodes in V. (Each edge in the chain has weight equal to the weight of the
hyperedge. If parallel edges are formed between any two nodes in V', we consider them as distinct edges.)
Clearly, G is planar. Let dj, and wy, denote the maximum node degree of G}, and the maximum weight in
any hyperedge e € Ej. Similarly, let d and w denote the maximum node degree of GG, and the maximum
weight in any hyperedge e € E. It can be easily observed that d = dj, and w = wy,.

In this section, we will describe a multiway partitioning algorithm, we call it PLAN AR, that guarantees
that the sum of the weights in the returned partition on G is at most O(vw-d - I(V)/\/Togn). This
implies that the sum of the weights on the hyperedges cut by the same node partitioning of G} is also
O(Var s - (V) /V/IogR).

Assume w.l.o.g. that graph G consists of one connected component, otherwise the procedure described
below is applied to every connected component of G. Let Py be the optimal partition (and its cost) of G},
into sets of size at most k. We have that P, > I{(V)/k — 1= O(l(V)/k). Assume now that the cost of the
partition returned by PLAN AR is O(v/wy, - dy, - I(V)/+/logn). Clearly, the cost of the partition is never
more than Py + O(y/wy, - dj, - {(V)/+/logn), and from the above equalities we can quickly deduce that the
cost is O(1 + k - y/dp, - wp/+/Togn) - Py, which is the main result of this section.

Therefore it remains to show to describe algorithm PLANAR on G, and show that the cost of the
partition that it returns is O(v/wy, - dp - I(V)/+/Togn). Algorithm PLAN AR is presented below.

Algorithm PLANAR

Step 1 Apply recursively the algorithm given in [22] until every resulting set is of size at most logn.
At each recursive call, we keep the removed edges in a variable named D.

Step 2 Search for connected components in each of the resulting sets.
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Step 3 Apply an exponential algorithm on each connected component with size more than k, to end

up with components with size at most k.
End of PLANAR

In order to show that the cost of the partition returned by PLANAR is O(y/wy - dy, - n//Togn), it
suffices to show that the sum of the weights in the edges in D is O(vw - d - n/+/Tog n). This is shown in
the following.

Assume that the numbering of the levels at the partition tree is bottom-up starting from 7 := 0. Let |.5]
be the the number of sets at each level 7 in the partition tree created by PLANAR. Clearly, each set at level
1 has more than logn nodes. It follows that each set at level 4, for each i > 1, has at least (3/2)"~!-logn

nqdes. Therefore

(2/3)=* - 1(V)

<
151 < logn

(18)

Let ay ..., a, be p sets, each having size /(V;) and such that 3°%_; I(V;) < n. We observe that

SV < i) ‘ (19)
J=1

(19) is shown by squaring both its sides, rewriting it (after some calculations) as
P
> 2l UV S DUV (0~ 1) (20)
§,7€{1,..p}AiES J=1
However, (20) is expressed as
P

0 IV)-(p-1)— > /i) V)0 0 (V) - UV;) +2-,I(VE) - U(Vy)),

J=1 4,7€{1,...p}Ai#] Hi€{1,..,pINiE]

which is always satisfied since it can be expressed as

0 Y (VW) - VI

i’je{l,",p}/\iij

Let d; be the maximum node degree among the nodes in the set V;. Let d denote the maximum node
degree among the nodes of G. Let n be the number of nodes of G, and p be the number of sets. Observe

that 5_y 1/I(V;) - dj < 3F_; 1/U(V;) - d. By (19), we have that 3°F_, /I(V;)-d < \/I(V) - p- d, and that
P

Y Ai(Vi)-di < Vnop-d. (21)
pt

We now use (18) and (21) to show that D is O(I(V) - vd - w/+/logn. We have the following lemma.

Lemma 3.3 D is O(ﬁal-o—— ‘::U).

Proof: Let a; be a set of n; nodes at level ¢ of the partition tree that is partitioned by a recursive call

of PLAN AR. The size of D is expressed as

O(Z Vng-d; - w).
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By (18), we rewrite the latter as
IOg logn)( )p-— logn

O(Z Z Jni-d-w),

where I(V;) < UV)AL(V;) > 0.
Using (21), we have that

0g (122
o3 [T 2y o
logn 3 A

p=1

ned-w- (V) 2

e (37 (22)

If we set i = p - 1, (22) becomes

() -vw- (V)-Vd-w

O(—F=—=— Jogn )}:( ) = O(~—L=em Jogn ) (23)

which proves the lemma. O
We use Lemma 3.3 to obtain the approximation bound of PLANAR.

Theorem 3.4 If k < logn, then the cost of the partition is O(1 + & ) Py, where Py is the optimal

partition of Gy. Moreover, if k < \/logn, d, = O(1) and the hyperedges have uniform weights, then the
cost is O(1 + €) - Py, for some € < 1.

The same approximation bound holds even if we insist that the size of a set is never less than k/3, and
subject to the upper bound restriction described earlier. Furthermore, it is easy to observe that the time
complexity of the described algorithm is only O(n -logn). This is justified since the algorithm in [22] has
O(n) time complexity, and the depth of the partition tree is O(log(I(V)/k)) = O(logn).

4 Conclusions

We presented approximation algorithms for balanced bipartitioning and multiway partitioning problems
into bounded size sets on hypergraphs. The bounds are within polylogarithmic factors to the optimal. Most
of the presented techniques use concurrent flow arguments. The presented approximation algorithms can be
combined with existing heuristics to improve the cost of the obtained partitions. Extensive experimentation
will then show whether provably good initial solutions, obtained as shown in this paper, trap us to local
minima when used in established heuristics as in [5, 12].

The following are interesting open problems:

a) Improve the presented approximation bounds using flow or other techniques.
g
(b) Improve the time complexity of the presented algorithms.

(c) Obtain polynomial time approximation algorithms for the bisection problem which finds numerous
applications in VLSI. The goal is to partition G} into two equal sets so that the number of inter-
connecting hyperedges (or the sum of their weights) is minimized. Approximation algorithms for
hypergraph bisection have been presented only for special cases of hypergraphs [29]. We are not
aware of any polynomial time approximation algorithm that applies to any hypergraph Gj.
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