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Abstract

In [KRVM], we described a three-dimensional self-reconfiguring robot module colled the Molecule Robot.

In this paper, we provide a system of abstractions for modules in self-reconfigurable robotic systems, and show
how this system can be used to simplify the motion planning of the Molecule Robot system.

1 Imtroduction

A self-reconfizuring robotic system consists of a set of modules that can autonomously change their relative
positions in order to change the shape of the overall system. When the modules in a self-reconfigurable robotic
system are homogeneous, the system lends itself to inexpensive mass production, to scalability, and to greatly
increased robustness. The ability to change shape “on-the-fly” can give a robot excellent maneuverability in
constrained spaces, multiple modalities of locomotion for changing terrain, and extremely flexible manipulation
strategies.

To change the shape of a self-reconfigurable robot, the component modules must execute a coordinated sequence
of individual moves. Because of the presumably large number of components, the motion planning required to
reconfigure from one shape to another can be complex. In [ChPal, Chirikjian, et. al. present a polynomial-time
solution to the planning problem for a restricted set of self-reconfigurable systems.

There are two specific qualities of these systems that simplify the planning process. These are:

1. Position Uniqueness: The set of possible module positions can be described by the center
points of close-packed polyhedra, where each position must be either full or empty. There
can be no partial overlap between positions.

2. Surface Traversal: If a module can move to some position on a continuous surface of the
robot, then it can move to any position on that continuous surface. No other modules need
change position in order to facilitate these moves.

[MKuKo} and [PaChSCh} describe implementations of two-dimensional systems that possess both of the above

two qualities.
While the planning algorithms of [ChPaj generalize to the three-dimensional case, mechanical constraints make

it more difficult to produce a module with the above qualities that is capable of moving in three-dimensions.



In [KRVM], we describe a three-dimensional self-reconfiguring system whose basic module is shown in Figure
1. This system exhibits neither the position uniqueness nor surface traversal property defined above. So, the
general planning problem for this system remains to be solved.

In this paper we show how to construct a three-dimenstonal meta-module that satisfies the position uniqueness
and surface traversal properties. We do so by composing 16 Molecule Robots. The resulting meta-modules
connect to one another in such a way that their centers can be described as close-packed boxes. We implement
transitions that aliow any one of these meta-modules to traverse any continuous surface of a configuration of other
similar modules. This allows us to calculate motion plans for these modules using the algorithms of {ChPa).

In Section 2, we define the terms used in the remainder of the paper. In Section 3, we abstract the Molecule
Robot into a class called Ky, that incorporates the module’s geometric shape and motion capabilities. In Section
5, we show how the Ky class can be used to implement another class of self-reconfiguring module, Ka, that
satisfies both the position uniqueness and surface traversal properties. In Section 6, we summarize our results

and conclude.

2 Definitions
Definition 2.1 (Module Position)
A module position is o placement and orientation in the space of discourse.

Definition 2.2 (Intersection)
Two positions are soid to intersect if modules placed in those positions would have at least one point in common.*

Definition 2.3 (Adjacent)
Two positions are said to be adjacent if modules placed in those positions could attach.

Definition 2.4 (Lattice)
A lattice, L, is a triple {P, I, A}. P is a set of positions. I is a set of intersections over P, and A is a set of

adjacencies over P.

Definition 2.5 (Transition)

A transition, t, is a source position, s, a destination position, d, and o set of preconditions that must be true
for a module to change its position from s to d. These preconditions may take two forms. Either o position is
required to be occupied by a module, or o position is required to be unoccupied. So, a transition is the four-tuple
t = {s,d, E, F}, where E is the set of positions required to be empty, and F is the set of positions required to be
full.

Definition 2.6 (Configuration)
A configuration, C = {L,Q}, is a lattice, L = {P, I, A}, coupled with a set of non-intersecting module posttions,

Q&P

Two configurations, Cy = {L, @1} and Cs = {L, Qa} are said to be equivalent iff there is a bijection, B : ¢Jy «+
Qa, such that Yg14. 15 € Q1, Blg1a) is adjacent to Blgis) iff 1, is adjacent to g1

A configuration is connected if there is a path of adjacencies between any two positions in the configuration.

We require that configurations remain connected at all times, and disallow the movement of any module whose
removal would disconnect the configuration. This is called the connectivity requirement.

Definition 2.7 (Module Class)
A module class, K = {L, T} is defined as o lattice, L, and a set of transitions, T', over that lattice.

Definition 2.8 (Reconfiguration)
Let K = {L,T} be a class of module.
Let Cy = {L,Q1} and Co = {L,Qa} be configurations.
K can reconfigure from Cy to Cy if at least one of the following conditions holds:

11f the space of discourse were continnous, we could define two positions to intersect if they share a finite neighborhood about at
least one point.



o ( is equivalent to Ch.
e There is a transition, t € T' and a position, ¢ € Q1 such that applying t to q yields a configuration,
Ca, and K can reconfigure from C'3 to Cy.

3 The Molecule Robot and the Ky Class

Mechanical details of the Molecule Robot are described in [KRVM]. In this paper we discuss the Molecule
Robot with regard only to a manhattan approximation of its physical shape, and to the set of transitions that it
can perform in a connected configuration of other Molecule Robots. The method by which these transitions are

achieved is described in [KRVM].

Figure 1: The Molecule Robot is an L-shaped module that can attach to other Molecule Robots at its endpoints.
The endpoints (called “atoms”) each have inter-module connectors on five of their six faces. The sixth face holds
an intra-module connector, called a “bond”. Four actuators in the Molecule Robot allow it to perform x-axis,
y-axis, and z-axis rotations relative to the endpoints. These rotations may be performed only when attached to
other Molecule Robots.

The module received its name from a resemblance in appearance to two atoms attached by a molecular bond.

Recall from Definition 2.7 that a module closs is a lattice paired with a set of transitions on that lattice. We
would like to describe a specific module class that can be implemented by one Molecule Robot. Let this class
be Ky = {Lq, Ty}. Note that there may be many other architectures other than the Molecule Robot that could
implement the Ky class. Conversely, there are many classes that could be implemented by the Molecule Robot.

To describe the lattice, Ly, we consider the discrete coordinate space #3, Each module occupies exactly three
points in an “L” shape in Z: one for each “atom”, and one between them for the connecting “bond”.

There are 12 distinet orientations of three points arranged in this fashion. So, a position in the Ko lattice
may be described as one point in Z® (its placement), along with one of 12 possible orientations. We name the
orientations 1...12. So:

P={(z,y,z,7):2,y,2€ Z and r € {R1...R12}}

We can use the distance between two points as an offset for a third point. Similarly, we can use a difference in
orientations between two positions as an offset for other orientations. For example, we can say that a position is

the sum:
p={x,y,2,7)+({0,0,0, Bs) — {0,0,0, Ry))

Note that this means “find the sequence of rotations needed to bring a body in orientation R; to orientation
Rs,” and apply that sequence to a body at {(z,y, z,7). It is not equivalent to:

p= (mryu Z, 7') + (G,O, 0,R4)

This notation is usefu! in describing the sets of adjacencies and intersections in the Ky lattice.



Recall from Definition 2.2 that two positions intersect. if two modules placed in those positions would have at
least one point in common. The position (0,0, 0, Ry) intersects with the set of positions shown in Figure 2. We
call this set f(g,0,0,%,)- There are 90 positions in J(0.0,8,)-

We can now define the set of infersections in the Ky lattice:

Io={({z.y,2,7), (T + ka,y + Ky, 2+ ka7 + iy — Ry))
1LY 2 E Z,
e {RI...R;@},
and (kx, ky, ]CZ, k,«) & I{O,O,D,l)}

Figure 2: f(0,0,0,7,): The set of intersections for position {0,0,0, R1). A position in the Ay lattice is a point in
Z% and one of twelve possible crientations. Fach node in the graph represents one point in 23, The numbers in
each node represent the orientations at that point that intersect with orientaion Ry at point (0,0,0).

[Darker nodes are closer on the z-axis.

Recall from Definition 2.3 that two positions are adjacent if two modules placed in those positions could attach
to one another. Any module of class Ky can attach to a second {and is hence adjacent o the second in the Ky
lattice) if at least one of the positions at the endpoints of the module is adjacent in Z3 to at least one of the
endpoints of the second module. The position (0,0,0, ;) is adjacent to the set of positions shown in Figure 3.
Only non-intersecting adjacencies are shown. We call this set Ag g,0,r,)- There are 219 positions in A¢,0,0,ry)-

‘We can now define the set. of adjacencies in the Ky lattice:

A= {{{m,y, z,7), (T + kg, y + Ky, 2 + koo 7 + kp — B1))
cm Y,z € Z,
S {Rl---RIZ},
and (k’m, ky, k., kr) < A{Q}G’O‘Rl)}



Figure 3: A 0,0,8;)" The set of adjacencies for position (0,0,0,R1). A position in the Ky lattice is a point in
2% combined with one of twelve possible orientations. Each node in the graph represents one point in 2% The
numbers in each node represent the orientations at that point that are adjacent to orientaion R; at point (0,0,0).
Darker nodes are closer on the z-axis.

The Molecule Robot is able to perform x, v, and z-axis rotations. These rotations are shown in Figure 4.

When a Molecule Robot performs a rotation, it can do so about either of its “atoms”. Furthermore, it can
rotate in either a clockwise direction or a counter-clockwise direction. So, a Molecule Robot in a given source
position can rotate into one of up to 12 different destination positions. We call the set of destinations for a module
at source position (0,0,0, R1), Dip.0,0,ry)-

In the case of the Molecule Robot, an x or z-axis rotation is possible only if some other Molecule Robo$, called
the actuating module, is attached along the axis of rotation to the “atom” about which the robot inteads to
rotate. (See figure 4). A y-axis rotation is possible if another Molecule Robot is attached to the atom about
which the robot intends to rotate, regardiess of whether or not it is lined up on the axis of rotation. The position
of the actuating module is called the acfuating position. The set of positions that could be used as the actuating
position for a given rotation is called the actuation set.

A rotation is disallowed if it would resuit in a collision between two modules. So, the path travelled by a
Molecule Robot during a rotation must not contain any other modules. Figure 5 shows the lattice points on the
path of one of a Molecule Robot’s z-axis rotations. The set of positions that are intersected during a rotation is
known as that rotation’s collision sef.

For each of 12 possible destinations, d € Do 0,0,z,), of 2 module at position (0,0,0, Ry) we call the actuation
set of d, Fio,0.0,r.)[d] We call the collision set of d, Eo,0,0,r,)[d}-



x-axis rotation

y-axis rotation

e -

Z-axis rotation

Figure 4: The Molecule Robot’s three basic rotations. One endpoint (i.e. “atom”) of the moving robot remains
stationary, while the other atom and the bond rotate around it. From left to right, the robot rotates 90° relative

to the stationary atom’s x-axis, y-axis, and z-axis.

We would like to describe transitions for the Ky class that would represent these x, y, and z-axis rotations.
Recall from Definition 2.5 that a transition is a source position, a destination position, and a set of preconditions
that must be true for a module to change its position from the source to the destination.

Recall also that a transition’s preconditions must be expressed as two sets of positions — a set of positions
that must be full, and a set of positions that must be empty. Inthe Ky class, each transition requires oue position
to be full ~ the actuating position — and a set of empty positions — the collision set.

We can now define twelve disjoint sets of transitions on the Lg lattice. The set of transitions of the Ky class
is the union of these twelve sets:



Figure 5: The path of a Molecule Robot as it rotates about the z-axis of on of its atoms. Rotations which would
result in collisions with other modules are disallowed.

T(im,iy,iz,ir) == { {S,d, E, F} :
(7:9:1 éya'-':zx 'ér‘) = D(O,O,O,Rl)a
s = (x,y, 2,7}, where z,y,z € Z and r € {Ry...Ria},
d= ($+imay+iy:z+izar+ir _‘Rl)a
E= {{37 + sy + jys P2 PO A B Rl) : (jm:jyajz; Jr) = EO,O,O,Rl[(?’:ma ?;ys iz, ir)};
F o= {S? f}s
F=(x+ke,y+kyz+ksr+ke — Ry), where (k, by, k2, k) € Fo,0,0,R, [ (s Ty 82, 80

b

We can now define the set of transitions of the Ky class:

To= UdED(O,O;Uaﬁl) (¥

4 The Motion Planning Problem

In order to reconfigure a system, we need to find a sequence of transitions that can be applied to the starting
configuration to transform it into the desired configuration. Recall from Definition 2.5 that in order to apply
a transition to a configuration, all of the transition’s preconditions must be met by that configuration, and the
connectivity requirement must be met.

So, we say that a transition, T = s,d, E, F, Is available in a configuration, C, if C meets all of T’s preconditions,
and the removal from C of the module at position s would result in a connected configuration.

So, planning for a reconfiguration proceeds by selecting and applying one available transition. After the
transition has been performed, the configuration is re-evaluated, and a new transition is selected. This process
continues until the desired configuration is achieved.

The time required to plan a reconfiguration using blind search is an exponential function of the number of
available transitions, This number is proportional to the perimeter [ChPa] of the configuration. In a 3-dimensional
regular lattice, the perimeter of a configuration is at best ©{n??) and at worst 8(n), where r is the number of
positions in the configuration. So, the time to plan a reconfiguration using blind search is an exponential function
of n.



We are interested in finding self-reconfiguration planning algorithms that are not subject to exponential time
bounds.

5 A Reduction For Motion Planning

Planning algorithms for a type of self-reconfiguring system known as a Metamorphic Robot [PaChSCh] can
run in polynomial time. We would like to leverage these planners by designing algorithms that allow a constant
number of Molecule Robots to collectively behave as a single Metamorphic Robot.

The rest of this section proceeds as follows. We describe a hierarchy of three modules, where the base of the
hierarchy is the Molecule Robot. Each of the latter two modules is composed of multiple copies of the module at
the previous level in the hierarchy. We present algorithms that allow these modules to “move” by separating into
their underlying components, moving the underlying components, and then re-assembling in a new position. We
use these algorithms to define a set of transitions for the new modules. With each level in the hierarchy, the new
transitions add flexibility to the self-reconfiguring system.

We show how Molecule Robots can be aggregated to construct a new module called a Double-Pair. We then
show how Double-Pair modules can be aggregated to construct an Axes module. Finally, we show that systems
composed of Axes modules satisfy the requirements of the polynomial-time planning aigorithms described in
[ChPa]. Figure 6 illustrates the path of this reduction.

Molecule Robot

Double-Pair
Position Uniqueness

Axes

Position Uniqueness
Surface Traversal

Figure 6: The path of the reduction from Molecule Robots, to Double-Pair Modules, to Axes Modules. Each step
increases the flexibility of the transitions in the system.

5.1 The Double-Pair Module and the Class K

We are looking to compose a module class that satisfies the position unigueness and surface traversal properties.
We will do this one step at a time, by first composing a class with unique positions that does not satisty surface
traversal. Later, in Section 5.2, we will use this class fo compose a class that has both properties.

Let K| be a class of module that conforms to a 3D rectangular lattice, and can make straight and diagonal
trausitions according to certain preconditions. We define this class below:

Let Ky = {L;, T1} be a class of modules.
Let Ly = {Pi,I1, A1} be a 3D rectangular lattice. ie.
o Pp=1{a-(1,0,0)+b-{(0,1,0)+¢-(0,0,1) : a,b,c € Z}
L] Il g @
e 4 = {{{z,y, zje Py, (z=x Ly s u{l(=y z) € Py, (xyy£1,2)) U {((wﬂy’ z) € P, (z, 2+ 1)}}

Let Ty = Tys U T p be a set of straight and diagonal transtions where:
A TIS = {t: {pﬂp_i'visEaF}:



Figure 7: T'wo adjacent Double-Pair modules. The module on the left is “right-side-up”, while the module on the
right is “up-side~-down”. The Double-Pair module is composed of ¢ Molecule Robots, and is a member of class
K.

E = {p+vi,p+vs,p+v1 +v3},

F = {p,p+va,p+uv: + v},

vy € {(1,0,0), (0, £1,0}, (0,0, £1)},

vs € {{£1,0,0), (0, £1,0), (0,0, £1)} — {Zv:},

va € {(£1,0,0), (0, £1,0), (0,0, £1)} — {vy, +vy}

o Tip ={t={p,p+vi+vey, B, F}:
E={p+uv+vo,p+vs,p-+vs,p+v;+vsg,p+uvg-+vs,p+v + vzt vzl
F o= {p,p+’t}1},
v & {(:i:l,O,U), (0, 41,0, (0,0, £1)},
vz & {{Ci:l, O: O)a (07 i']w O): (Oa Os il)} - {’UE» “'Ui}:
vy € {(£1,0,0), (0, £1,0), (0,0, £1)} — {v1, ve, —v1, —va}
}

Since the set of intersections in the K3 lattice is null, it is clear that K satisfies position uniqueness. However,
as described above, K transitions require empty positions in a direction orthogonal to the direction of motion
{i.e. v3), the class fails to satisfy the surface traversal property. For example, if two surfaces are separated by
only one position, a K7 module would be unable to squeeze between the two surfaces to traverse them.

H

Lemma 1 Four Molecule Robots can be aggregated to implement ¢ module of class K.

Let a Double-Pair module be the configuration of 4 Molecule Robots, as shown in Figure 7. 20 inter-module
connectors belonging to the underlying Molecule Robots lie on the surface of the Double-Pair module. The Double-
Pair module can use these connectors of the underlying Molecule Robots to connect to Double-Pair modules on
each of its six faces.

We therefore define a 3D rectangular lattice where each cell in the lattice will exactly fit a Double-Pair module.
Imagine that this lattice is colored red and black like a 3D checker board. If Double-Pair modules in black boxes
are always “right-side-up”, and modules in red boxes are always “up-side-down” (see Figure 7), then any two
adjacent Double-Pair modules can connect across at least two inter-Molecule connection points. So, Double-Pair
modules have 3D rectangular geometry, and can connect to other Double-Pair modules across all six faces.

Now, we need to show that Double-Pair modules can execute the K; transitions described above.

There are 6 straight directions in which a module of class K can move. This direction is described in the class
definition (above) by the vector v). To satisfy the preconditions, we rust also select vectors vg and vs. For these
we have 4 cholces and 2 choices, respectively. So, there are a total of 48 straight transitions in K that must



Figure 8: A K diagonal transition in the z —y plane, implemented with Molecule Robots as component modules.
The transition requires 64 Ky transitions and is not necessarily optimal.

be implemented by the Double-Pair module. Due to symmetries in the Double-Pair module, only 12 of these
transitions are distinct.

Similarly, to define a diagonal K transition, we must select vectors vy, vg, and va. Having selected vy from 6
choices, there are 4 choices remaining for e, and will be 2 choices for v1. So, there are 48 diagounal transitions
that must be implemented. Due fo symmetries in the Double-Pair module, only 6 of these are distinct.

To show that a Double-Pair module can implement a particular transition, we must show that in any case
where that transition’s preconditions are satisfied, the Molecule Robots that underlie the Double-Pair module
will be able to reconfigure in such a way as to move the Double-Pair module to its new position.

We have discovered sequences of Ky transitions that demonstrate that Double-Pair modules can implement
the 18 distinct K transitions. A sequence implementing one of these transitions must never cause modules fo
collide, and must never cause the configuration to become disconnected. In order to show that the sequences
are valid in any situation where the Ky preconditions are true, each of these sequences conforms to the following

regtrictions:

¢ Space Restriction ~ Let U be the union of the set of positions required to be full and the set of positions
required to be empty by the K transition’s preconditions. Let U7 be the set of corresponding positions in
the underlying Iattice of the Ky class. Let V be the union of all positions specified in the preconditions of
all Ky transitions in the sequence. V must be a subset of Ur. This is required because positions that are
not specified in the preconditions could be either full or empty; their value is not known.

s Internal Connectivity — The modules of class K that are specified in the preconditions must remain
connected to one another at all times. This ensures that we do not rely on positions outside of what
are specified in the preconditions (i.e. positions that may not be full) to keep the internal configuration

connected.

s External Connectivity — Any double-pair module that is specified in the preconditions, except for the
moving module, must keep at least one Molecule Robot connected to any neighbor positions that are not
specified in the preconditions. While the preconditions guarantee that the removal of the moving module
will not disconnect the configuration, they make no similar promises for helper modules. This guarantees
that if a helper module is connecting the configuration, it will continue to do so throughout the transition.?

We have verified through Prolog simulation that the sequences we have discovered obey transition preconditions
and the above restrictions.
5.2 The Axes Module and the Ky Class

Now, we consider a class of modules that satisfies both the position uniqueness property and the surface
traversal property.

2Tt is possible to remove any one of these restrictions by considering the case where a position is full and the case where it is
empty. Different sequences can be developed for each case. In Section 5.2, we successfully use this technique to relax the restrictions
for one position, However, to remove restrictions on k positions, one would need to consider 2F cages.

10



Figure 9: Two adjacent Axes modules. Each Axes module is composed of four modules of class K7, and is a
member of class Ks. In the above Figure, the x-axis of the left module can conmect to the origin of the module
on the right. Any two Axes modules in adjacent positions can connect in this fashion.

Let K5 be a class of modules on a 3D rectangular lattice that can make straight and diagonal transitions
according to certain preconditions. We define this class below.

Let Ko == {La, T3} be a class of modules.
Let Ly = {Py, Iz, A2} be a 3D rectangular lattice. i.e.
e Po={a-(1,0,0)+b-(0,1,0)+¢-{0,0,1):a,b,ce Z}
& Ig = ﬂ’)
o Ay = {((@,9,2) € Por (2 £ Ly )} U ({51 2) € Py (5,5 % 1,20} U (@1, 2) € Pay (23, 2 £ 1))}

Let Ty = Thg U Tap be a set of straight and diagonal transtions where:
o Thg = {t = {p7p+@1aEaF}:
E= {p+ Ui}:
F o= {P1P+U2,P+ 1 +'U2}a
v € {(41,0,0),{0, £1,0),(0,0,41)},
vz € {(:t17 0, 0)1 (0? +1, O}» (Gs 0, il)} - {:tyl}

e Tip={t={pp+uvi+ve, E F}:
E = {p+ v + va,p+va},
EF={pp+uv},
m E {(ﬁ:l, 0, 0}, (0, +1,0), (0,0, :1:1)},
vz € {(£1,0,0), (0,%1,0},(0,0, 1)} ~ {v1, ~v1}
}

Lemma 2 (composite-lemma) Four Modules of class K can be aggregated to form a module of class Ko.

Let an Axes module be a configuration of four modules of class K, as shown in Figure 9.

Call the Ky module that is adjacent to three others the Origin. Call the remaining components the X-axis,
Y-axis, and Z-axis, respectively. Let m1 and my be two Axes modules in adjacent positions of Lt. The Origin of
one module must be adjacent to either the X-axis, the Y-axis, or the Z-axis of the other module. So, since any
module of class K can attach to any adjacent module of class K5, any two adjacent Axes modules must also be
able to attach.

Now, we need to show that Axes modules can reconfigure in such a way as to execute the K transitions de-
seribed above. There are 24 straight reconfigurations and 24 diagonal reconfigurations that must be demonstrated.
However, all of the straight reconfigurations are symmetric, and all of the diagonal transitions are symmetric. So,
only two distinct sequences of Ky transitions are required.

Two such sequences are shown in Figures 10, 11, and 12. Note that two cases are shown for the diagonal
transition. In one case, we assume that there is a K> module to the left of the moving module. In the other case,

we agsume there is no such module.

11



K3 Straight Transition:

2 Transitions 2 Teansitions 2 Transitions

Figure 10: A straight transition of a module of class K3, implemented with component modules of class .
Each frame depicts two layers of K modules: small squares represent modules in the top level, and large squares
represent modules in the bottom level.

K3 Diagonal Transition (Case 1):

1 Fransition

1 Transition 1 Fransition

Figure 11: Case 1 of a K diagonal transition, implemented with component maodules of class K. In this case, we
assume that there is no module immediately to the left of the moving module. This assumption is useful during
the transition marked with an asterisk {*), where a component module requires open space to the left in order to
make a diagonal transition.

12



K3 Diagonal Transition (Case 2):

i)

2 Teansitions

1 Transition I Transition 1 Transition

Figure 12: Case 2 of a Ky diagonal transition, implemented with component modules of class K;. In this case, we
assume that there is another Ko module immediately to the left of the moving module. This assumption is useful
during the transition marked with an asterisk {*), where the component modules separate into two connected
sets. The overall configuration does not become disconnected, since precondition 1 guarantees that the module
to the left of the moving module must be connected to the remainder of the configuration even if the moving
module is removed.

Since Axes modules occupy a 3-dimensional rectangular lattice, can attach to any adjacent Axes module, and
can make straight and diagonal transitions provided the preconditions of K3 are met, we know that we are able
to implement a module of class Ky with 4 modules of class K1. As discussed in {ChPaj, modules that can make
such transitions can traverse any continuous surface of a configuration.

Since 4 Molecule Robots can aggregate to a module of class K1, and since 4 modules of class K1 can aggregate
to a module of class K2, we can transitively construct a module of class Ky from 16 Molecule Robots. Since
systems of modules of class K satisfy both Position Uniqueness and Surface Traversal, we can use Molecule
Robots to construct a system whose motion planning can be performed using the polynomial-time algorithm of
[ChPa).

6 Discussion

We have shown how Molecule Robots can be used as building blocks to construct polynomial-time self-
reconfiguring robotic systems in three dimensions. The system we constructed uses 16 Molecule Robots per
Axes Module. We know by reduction to {ChPaj that the number of Axes Module transitions required to recon-
figure our system is ©{n?), where n is the number of Axes modules. Since Axes fransttionsrequire a constant
number of Molecule Robot transitions, the number of required Molecule Robot transitions is also 8(n?).
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