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Abstract

We consider a class of multi-qubit dephasing models that combine classical noise sources and linear
coupling to a bosonic environment, and are controlled by arbitrary sequences of dynamical
decoupling pulses. Building on a general transfer filter-function framework for open-loop control, we
provide an exact representation of the controlled dynamics for arbitrary stationary non-Gaussian
classical and quantum noise statistics, with analytical expressions emerging when all dephasing
sources are Gaussian. This exact characterization is used to establish two main results. First, we
construct multi-qubit sequences that ensure maximum high-order error suppression in both the time
and frequency domain and that can be exponentially more efficient than existing ones in terms of total
pulse number. Next, we show how long-time multi-qubit storage may be achieved by meeting
appropriate conditions for the emergence of a fidelity plateau under sequence repetition, thereby
generalizing recent results for single-qubit memory under Gaussian dephasing. In both scenarios, the
key step is to endow multi-qubit sequences with a suitable displacement anti-symmetry property, which
is of independent interest for applications ranging from environment-assisted entanglement
generation to multi-qubit noise spectroscopy protocols.

1. Introduction

Characterizing and counteracting decoherence from noise environments which may exhibit both temporal and
spatial correlations is a central challenge for realizing high-fidelity quantum information processing (QIP) and
fault-tolerant quantum computation [1, 2]. Of particular interest are purely dephasing environments, which
provide an accurate physical description whenever relaxation processes associated with energy exchange occur
over a characteristic time scale that is substantially longer than that associated with dephasing dynamics.
Provided that the noise arises predominantly from low-frequency components, and that external control is
available over time scales that are short compared to the resulting temporal correlations, open-loop techniques
based on dynamical decoupling (DD) and dynamically error-corrected gates [ 1, 3—8] provide a powerful tool for
boosting operational fidelities—potentially eliminating ‘coherent’ (highly ‘non-Markovian’) errors that
dominate worst-case error estimates in rigorous threshold analyses [9, 10].

Our focus in this work is DD for a class of purely dephasing models, that describe stationary but not
necessarily Gaussian correlated noise from combined classical and quantum sources on a multi-qubit system.
More precisely, as detailed in section 2.1, we consider arbitrary single- and two-qubit classical time-dependent
phase noise, along with quantum noise from a dephasing ‘free field’ Hamiltonian—namely, a linear diagonal
spin-boson model where non-Gaussian statistics may arise solely from the bath initial state [11-14]. Our
motivation is twofold: on the one hand, while general-purpose multi-qubit DD sequences based on
concatenation and nesting are known, which may in principle ensure the desired error suppression up to

©2016 IOP Publishing Ltd and Deutsche Physikalische Gesellschaft
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arbitrarily high order [5, 15, 16] (section 2.2), it may be possible to design less resource-intensive DD protocols
by tailoring construction to dephasing models with particular characteristics; on the other hand, while an
approach to practical long-time high-fidelity quantum memory has been recently proposed based on the idea of
engineering a ‘coherent plateau’ [ 17] by sequence repetition, the existing analysis is only applicable to a single
qubit exposed to Gaussian phase noise.

We tackle the above issues under the simplifying assumptions that the required DD pulses may be
instantaneously and perfectly effected on selected (subsets of) qubits—subject, however, to a realistic constraint
on their minimum separation, or ‘switching time’ [17, 18]. We leverage a general filter-transfer function
formalism for characterizing open-loop error-suppression capabilities in both the time and the frequency
domain using fundamental filter functions (FFs) as building blocks [19]. Our first result, and starting point for
subsequent analysis, is an exact analytical characterization for the multi-qubit controlled dynamics in terms of a
suitably defined time-ordered cumulant expansion, given in section 2.3. While it is known that an exact solution
exists for the free evolution of a system subject to Gaussian bosonic phase noise [20—-22], and is in fact equivalent
to the one resulting from a second-order Magnus perturbative treatment [ 12], our analysis extends this
equivalence to DD-controlled evolution. In the process, we recover a number of partial results that have
appeared in the literature, limited to two qubits under special symmetry assumptions [23—27]. For generic non-
Gaussian dephasing noise, our representation shows how arbitrary high-order cumulants may still be expressed
in terms of only two FFs associated with the control modulation of single- and two-qubit terms.

Sections 3 and 4 contain our core results on two control tasks of increasing complexity: (i) suppressing errors
as effectively as possible, so that quantum information is preserved over a short-time regime of interest (e.g., a
single gating period); (i) ensuring that quantum information is preserved with high fidelity for long storage
times, with on-demand access. Provided that selective control over individual qubits is available, we show that
new multi-qubit DD sequences may be constructed, so that a displacement anti-symmetry property is obeyed by
the control switching functions, both in the simplest case of N = 2 qubits (section 3.2) and, by appropriately
orchestrating the sign pattern for every qubit pair, for general N (section 3.3). Such sequences ensure the same
order of error suppression as the best known nested or concatenated protocols, while also maximizing their
‘filtering order” in the frequency domain [19]. Further to that, for a fixed system size N, DD sequences
incorporating displacement anti-symmetry are exponentially more efficient in terms of total pulse number, as
long as any direct coupling between qubits is time-independent. The possibility of achieving multi-qubit long-
time storage by meeting appropriate conditions for the emergence of a fidelity plateau under sequence repetition
is first established for the important case of non-Gaussian classical stationary phase noise in section 4.1.
Generalization of this result to dephasing scenarios that also include bosonic noise sources again relies crucially
on incorporating displacement anti-symmetry in the DD sequences used for repetition (section 4.2).

Provided that the relevant conditions for the emergence of a fidelity plateau can be satisfied, we argue in
section 5.1 that the combined use of multi-qubit DD sequences that do not (or, respectively, do) obey
displacement anti-symmetry provides a systematic method for controlled generation and storage of multi-
partite entanglement mediated by a common quantum environment, extending known schemes for bipartite
entanglement generation [28, 29]. Section 5.2 briefly discusses aspects related to the practical significance and
main anticipated limitations of our findings in the light of realistic considerations, whereas a summary and
outlook to future research conclude in section 6. By way of concrete illustration of our general FF formalism, we
provide in appendix A additional technical detail on the simplest yet practically important case of a DD-
controlled two-qubit system under Gaussian dephasing from combined classical and quantum bosonic sources.
Lastly, we include in appendix B a discussion of the impact of timing errors on the ideal fidelity plateau, based on
asimple error model that breaks the required underlying displacement anti-symmetry in a two-qubit system.

2. Multi-qubit controlled dephasing dynamics

2.1. Gaussian versus non-Gaussian dephasing models

We consider a class of purely-dephasing noise models on N qubits in which no energy exchange takes place
between the system and an environment (‘bath’) modeled by a continuum of classical and/or quantum modes
—see section 5.2 for further discussion on their physical relevance. The general form of the relevant open-
system Hamiltonian reads

H(t) = Hs(t) ® Iz + Is ® Hp + Hsg, (D

where Hs (t) and Hg denote, respectively, the internal Hamiltonian for the system and bath, and Hsp describes
their interaction. For a purely dephasing model, [Hsg, Hs] = 0, implying the existence of a preferred (energy or
computational) basis [1]. Without loss of generality, we take this to be the z basis, and use Z, to denote the Pauli
operator o, acting on qubit Z. A general multi-qubit dephasing Hamiltonian that includes up to two-body noisy
qubitinteractions and linear system—bath coupling may then be written as

2
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N N
Hs(t) =Y Ze(de + C,(0) + > Ze ® Zp(dpor + 0y oo (1)) )
=1 C=0'=1
N
Hsg = ) Zs @ By, 3)
=1

where we allow for dephasing due to both classical and quantum noise sources, as represented by the fluctuating
system Hamiltonian Hg(#) and the system—bath interaction Hamiltonian Hsg, for suitable (Hermitian) operators
By acting on B. Specifically, (, () and 7, ./ (t) are classical stochastic processes describing random fluctuations
of thelocal energy splittings and two-local (Ising) coupling strengths, d and dy 4.

A formally similar treatment of classical and quantum noise sources is possible upon moving to the
interaction picture associated with the bath Hamiltonian Hy. The total Hamiltonian becomes
H(t) — H(t) = Hy(t) ® Iy + Hsp (1), with Hg(¢) = Hs(t), Hyg () = ZIfLI Zy ® By (t),and where, for
notational convenience, we simply use By () to denote the interaction-picture representation of B. For the
purpose of achieving decoherence suppression and arbitrary state preservation, the dynamics generated by H(t)
corresponds to unwanted (‘error’) evolution, thus H(t) = H, () in the framework of dynamical error
suppression [8, 19]. In a multi-qubit setting, the noise acting on different (subsets of) qubits may exhibit
different kinds of temporal as well as spatial correlations. In particular, two limiting situations may be envisioned
for the coupling of the quantum bath to different qubits:

A commonbath, in which case [B, (t), B/ (t)] = 0, V¢ = ¢’ foratleastsome ¢, t'.

* A private (or independent) bath, in which case [B (¢), Bz (t))] = 0,V ¢ = ¢/, Vt, t'.

While intermediate situations are clearly possible, an additional distinction is relevant for the common-bath
scenario depending on whether qubit-permutation symmetry is present. Specifically, collective dephasing
corresponds to By (t) = B(t), V7, as extensively studied in the context of decoherence-free subspaces [1, 30].
Noise processes and their correlations can be further characterized by their spectral properties in the frequency
domain.

Spectral properties of classical phase noise— Classical noise processes may be compactly characterized by their
statistical moments [31], obtained via the ensemble average over noise realizations, henceforth denoted by (-).
Given the fluctuating Hamiltonian Hy(#) in equation (2), we are most generally interested in cross-correlations
of the form ((, (1) --- Cf}_ (tj)r]pj+1 (tir) - My, (t) ). for allj, k, where p = {Z, ¢’} labels qubit pairs, and we
include joint moments of a single noise source, ¢, () or 1), (¢), as a particular case. A simpler description is
obtained by using cumulants, which we denote C*) (Cs(t) -+ ij () M., (tip1) - Np, (t)) and define via

general moment-cumulant relations [31]. If { A;} denotes a set of random variables, then

<A1>c = C(l)(Al)) <A1 An>c = Z H C(Vi)(Al An)> (4)

well(n) i

where I1(n) is the set of partitions of n elements, 7 = {V}, ..., V;},and each block V; contains the elements
{vi(s) }L‘i'l ordered accordingto Ay, ..., A,, with

c 4 - A = c{vib Ay - Avqup)- (5)
For example:

(A3A14:) = CO(A3A1A;) + CH(A3) CD(A) CD(A,)
+ CO(A3A) CY(A;) + CP(A34) CD(A)) + CP(A1A) CD(A3)

and so on. The above definition of cumulant, which respects the order of the arguments, is equivalent to the
traditional one when the random variables commute, but solves the ambiguity that arises when ordering
becomes important, as it does for non-commuting operator-variables in the quantum case. The expressions in
equation (4) can be inverted as usual in probability theory and statistics, allowing one to write the cuamulants in
terms of the moments [31].

A description of the noise process in frequency space may be given by considering the Fourier transform of
cumulants. Specifically, the Fourier transform of a kth order (cross-) cuamulant defines the kth order polyspectrum

[14,32], Szf%?.,fﬁ,, " (Wi ... W), via

Piv
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S&" ety e, @10 = COCa @) - G @, i) - 7, (),

where { 2 (W), 7, (w) are random variables obtained from (, (), M (t) via Fourier transform, and we have
introduced the notation &y = (wy, ..., wy) to denote a vector of length” k. The noise process is stationary if
arbitrary cumulants, C® (FICVRE ij &n, » (tjp1) - M, (tx)), depend solely on time differences, say,

7

7j = tjy1 — tifor j = 1,...,k — 1, rather that absolute time values. Thus, the stationarity assumption translates
into

C‘)” ) — P C’" "
8o sty @) = 2T 1+ - WIS s, @) (6)

>

where, byletting d7j;_) = Hf;ll drand @ - 7 = wyi + -+ + wr_ 17k, we may write

SET p, @k-11) = f dT-ne ™7 COLL (0 Couy E+ 7)oy, (E+ o), V.
— 00

S CpPipy

Of particular interest are stationary zero-mean classical Gaussian noise processes, whose statistical properties are
completely characterized by the second-order cumulants. That is

COC Oyt +T) ooy E+ ) =0, Ve =2, Vi, 75 )

Accordingly, for Gaussian noise all the statistical properties are formally encapsulated by S g:f’, P (w) for
k = 2and j = 0, 1, 2; thatis, physically, the noise power spectra associated to two-point correlations in the
single-qubit and two-qubit energy fluctuations, Sg)fz W (G=2),S ;71 " (w) (j = 0), and the cross-power
spectrum Sé :g} (w) (j = 1).1f, additionally, the local and two-local classical noise sources, ¢, (¢) and U (t),are

statistically independent, one may further simplify to Séﬂ . (w) =0for0 < j < k.

Spectral properties of quantum phase noise—The spectral properties of a quantum dephasing environment
may likewise be characterized in terms of statistical moments and cumulants. The starting point is to define
statistical averages with respect to the initial state of the bath, say, pg, by using Trg(-py;) instead of (-).. While in
the most general case initial system—bath correlations may be present (hence pp = Trs[pg5(0)]), throughout the
present analysis we shall work under the standard assumption of an initial factorized state of the form

psp(0) = pg(0) ® pp. Thus, we are interested in the time-domain kth order moments
Trg[Bs (1) --- Bs(to) pgl = (B4 (1) -+ B (t) )g»

or in the frequency Fourier transform of the corresponding cumulant
St @) = COB (@) -+ B (wp), ®)

where B, (w) is the Fourier transform of B, (¢). Operator cumulants are defined recursively via the moment-
cumulant relations given earlier, equation (4), upon replacing (-). with (-),, e.g.

(B (1) By, (1) )g = CP(By (1) By, (1)) + CV(B4 (1)) CV(By (1)),
(Bs, (1) B4 (1) )g = CP (B, (12) B4 (1)) + CO(By, (1)) CV (B4 ().

In the generic case, where [ B¢, Hp] = 0, one can see that a necessary and sufficient condition for stationarity is
that [py, Hp] = 0.In particular, a stationary zero-mean quantum Gaussian noise process may be defined by
requiring that, for all #, (B, (t) >q = 0, and, in analogy to equation (7), that arbitrary cumulants vanish for k > 2.
The corresponding k = 2 quantum power spectrum then obeys the relation

Sfo, (wy, wy) = 276 (W + wo) SfB)f/ (wy), where

S i (ws) = ﬁ dr e T (By(t + T)Bpr())y VL.

In what follows, we focus on dephasing noise originating from bosonic sources, representing for instance
phonon or photon modes. In this context, a paradigmatic example is the linear spin-boson model [3, 11, 13, 20—
22,33, 34], defined by the following bath Hamiltonian and interaction operators in equations (1) and (3) (in
units where i = 1):

Hy =Y ajan, X% >0, B, =) (g a] + g *av), 9)
k k

where [ay, akT,] = O [ak> ap] = 0 = [a,j , akT,], and g,f describes the coupling strength between qubit £ and
bath mode k. If the initial bath state pj, is thermal, with inverse temperature 8 = 1/kg T, py o< e PHs the family
of operators By (t) = Zk(gkf emk‘a,:r + gkf * e~ %!, ) describes a stationary noise process which also obeys free-
field Gaussian statistics [13]. The above quantum power spectrum is explicitly given by

> Noise cross-power spectra may be also defined in terms of the Fourier transform of the moments (and related high-order time-correlation
functions) [31]. Following standard practice in classical signal processing theory [32] and our previous analysis [19], we employ cumulants in
what follows. In addition, we will assume sufficient regularity for all the relevant Fourier transforms to be mathematically well-defined.
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S o (w) = ZWZ(g]fgf *S(w + Q) {afa), + g]flgf*é(w — Q) (axa))g)s (10)

where (a/ ar)g = (coth(B%/2) — 1) / 2 = {ag a,j )g — lareequilibrium expectation values. Assuming that the

couplings are position-dependent as gk = | gk|e‘k % [11], where k is the momentum associated with the kth
mode and 7y the position of the #th qubit, one gets

g™ =g

where we have further expressed the exponent in terms of the mode frequency and the transit time [22] via the
(linear) dispersion relation (% t, »» = k - (; — 74). Under these assumptions

|2eii'(7f*7f’) = |gk|2eiQkff,f" (11)

e (coth(Bw/2) + 1)/2, w >0,

| (12)
eﬂwtf,f'(coth(—/@w/Z) -1/2, w<0,

Sp o (w) = 2] (w){
where J (w) = Y lg [0 (w — ) + 8 (w + Q)] = J (—w) is the spectral density function of the oscillator bath
in the continuum limit°®.

Since, by definition, Sf ¢ (w1, wy) is the second-order cumulant of the Fourier-transformed bath operators,

we may write 52 W) = )/, K,(w) + SB )/,,(w) upon separating operator products into anti-commutators and
commutators. If the latter are, respectlvely, denoted by [,]., direct calculation yields
Tr[[Be (@), Ber(w2)le pgl = SPi(wn, wa) = 2m6 (w1 + w2) Spa(wa), (13)

e ¥t coth(Bw/2), w > 0,

ﬁﬂ@—ﬂw% e
“ coth(Bw/2), w < 0,

_ e Wiy >0,
Spow)y = W9 . (14)
—e Y w < 0.
Thus, SP ’ (W) (Sf *~(w)) have symmetric (anti-symmetric) character in the sense that
Spi(—w) = [SEHWTF,  Spa(—w) = —[SEaWIF, Ve, ¢, (15)

afeature that will be useful in understanding their contribution to different dynamical aspects.

While the free dynamics under multi-qubit classical plus bosonic dephasing will be recovered as a special
case of the DD-controlled dynamics, two remarks are in order. First, our approach may be applied to a wider
class of quantum noise scenarios, for instance environments consisting of multiple interacting types of bosons,
aslongas the relevant Hamiltonian can be mapped to equation (9) via an appropriate Bogoliubov
transformation [35]. Second, for all the noise sources considered, a finite norm of the error dynamics to be
filtered out will be assumed—or, in more physical terms, a finite correlation time (‘non-Markovian’ behavior in
the sense of [4, 13]) relative to which fast control regimes may be accessed. This is a crucial requirement for DD
methods to be effective [1, 4, 18, 19, 36], which will translate into assuming that all relevant noise spectra decay
sufficiently rapidly at high frequencies.

2.2. Control protocols
To facilitate presentation of the essential new results, we assume access to perfect instantaneous 7 rotations, and
postpone discussion of realistic effects to section 5.2. This ideal ‘bang—bang’ DD setting has been extensively
investigated in both single-qubit [3, 5, 6, 33, 34] and multi-qubit systems [4, 15, 16, 37] (see [1] for a review). For
the sake of completeness and consistency, we summarize the basic ingredients in this section, building in
particular on [16, 38]. In the process, we introduce a new composition rule which unifies existing high-order
sequence constructions and may be of independent interest within DD theory.

For the dephasing noise models under consideration, control implemented via instantaneous rotations
along a fixed axis (say, x), suffices. Let a DD sequence, labeled by an integer index s, be specified in terms of a
control operation X (=0,), and a number n(s) of control intervals {7'5-5 ) = r}s) T}, where T is the total evolution

time and {r(s) }i )~ lare positive numbers, that satisfy > r(s) = land describe the relative pulse timings. If

Uy (TSS)) denotes free evolution over T;S), the controlled propagator induced by such a sequence reads
UP(T) = XU (r5)_ DX -+ XUp () XUy (75, (16)
where operators are applied from right to left and a final pulse is included at time t = T depending on the parity

of sin order to ensure a cyclic control propagator. Following [19, 38], we say that the DD sequence achieves
cancellation order (CO) «, with respect to the control operation X, if the norm of unwanted (non-commuting)

Note that, unlike classical noise, quantum noise is spectrally asymmetric in general, with the ratio 52 2(W) / S}}/, ¢(—w) = e™ enforcing
detailed balance at thermal equilibrium.




10P Publishing

NewJ. Phys. 18 (2016) 073020 G A Paz-Silvaetal

error terms is suppressed up to order « in time, that s, || [X, U (T)] || ~ O(T**). With this in mind, we
shall henceforth identify s = «. Consider two DD sequences, each acting on qubit £, #’ via control operations
Xz, X¢,and specified in terms of intervals {T&S) 1 {7'53/) } respectively. We can build a new sequence over time T
by using the following composition rule:

USoUENT) = XZ UK (76, ) Xpr - XpUE () X0 US(757). (17)

That s, each free evolution period in the original ‘outer sequence’ US(,X” )(T) is replaced by an ‘inner sequence’
UX) of duration determined by the corresponding outer interval 7'5-5,’). We are now ready to define the specific
high-order sequences we will be using.

Single-qubit DD sequences—The two relevant sequences are single-axis CDD [5] and Uhrig DD (UDD) [6].
The former may be defined recursively via

CDDY)(T) = CDDW o CDD (T),
with relative pulse timings {r}l) }={1 / 2,1 / 2}, so that, for example
CDD{(T) = XUy (T/2) XUy (T /2),
CDDS(T) = XCDD{™ (T /2)XCDD{ (T /2) = Uy(T/4)XUy(T/2)XUp(T/4)
and so on. On the other hand, the ath order UDD protocol is defined by the pulse timings

t(a) =T 51n2[77]/(2a + 2)], with T(“) = tj(i)l t}”) forj=0,...,a

Multi-qubit DD sequences—Both single-qubit CDD and UDD sequences admit extensions to multiple qubits
via the composition rule given in equation (17). In particular, by letting X = (X,, ..., Xy), one can define the
following N-qubit sequences:

0 () = US 0 (UE 0 (--(USN- 0 USV))..)(T), (18)
&) o (X) @) &)
U/ ,,,,, (y)(T) = U( ..... (U(l ,,,,, H° (v 0 U(l ..... )) ) (T). (19)
« times
By construction, both achieve CO equal to o« = min {ay,...,an} withrespect to { X, }. However, if the single-

qubit sequence Uéi uses np = n(ay) pulses, U(al ay(T) in equation (18) uses a total number of pulses

,,,,,

P (N) = 12, n(ay) = [n(a)]V, whereas U (a ,,,,, o(T) inequation (19) uses np" (N) = [n(1)]*N, with
ny’' (N) growing exponentially with N'in either case. Depending on the sequences used as building blocks, all
known high-order DD sequences may be recovered. Specifically, we shall consider the following ath order N-

qubit sequences:

(1) Multi-qubit CDD [5]:
CDD<X> o(T) = CDDY’ ) o (CDDY 1)o(~-oCDD(X) 1)) (D).

...................

« times

(i) Nested UDD (NUDD)[15]:

NUDDY) ,,(T) = UDDY o (UDD o (---(UDD{Y ! o UDDYY))--)(T).

(ap, ... aN—1

(iii) Nested CDD (NCDD)”:

NCDD®  (T) = DD o (CDDYY o (---(CDDEN -V 0 CDDYY))...)(T),

(agy ...,aN

To date, NUDD is the most efficient known sequence, in terms of the required number of pulses capable of
ensuring CO « for general multi-qubit dephasing noise as in equations (2) and (3), at least for sufficiently hard
noise spectral cutoffs [39].

Once a multi-qubit DD sequence is chosen, the effect of the control is most simply described in the
interaction picture associated to the control propagator U(t), which in the present setting simply leads to time-

7 Note that the sequences given in (ii) and (iii) are two extremes of the possible range of sequences that may be built using the composition
rule of equation (17) and CDD as building blocks. The composition rule may be naturally extended to multi-axis DD sequences, recovering
for instance concatenated UDD or quadratic DD [1].
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Figure 1. Control switching functions versus normalized time for NUDD on N = 3 qubits, NUDD{X»*>%) — UDD (¥ (UDD{? 0

UDfof” ), resulting in CO v = 2. Each crossing of the switching function with the time axis is associated with a control pulse on the
corresponding qubit (for atotal of nj™ = 4 x 4 x 2 = 32 pulses).

dependent ‘error generators’, namely

Zy— Ze() = U W Z, U = 3,0 Zs, VO,
ZpZpvs ZeZp(t) = Ul (0 Ze Zo U(t) = 3, Oy () Ze Zpy, NE = L,

where the control switching function for the £th qubit has the form
2O

P .
(1) = D (1O — e — . (20)
j=0
Here, n’) denotes the total number of pulses applied on qubit # and © s, as usual, the step function. We say that
the control is (qubit) non-selective (or global) if y, (t) = y (¢) V£, and that it is selective otherwise. Note that
nested multi-qubit sequences necessarily require qubit-selective control. A simple illustrative example is
depicted in figure 1.

2.3. Exact representation of the controlled dynamics and fundamental FFs

In order to determine the reduced dynamics of the controlled multi-qubit system, the first step is to obtain an
expression for the unitary ‘error propagator’ resulting from equation (1) under DD, evaluated in the combined
interaction picture associated to the control and bath evolution. Thanks to the fact that the bosonic algebra
guarantees simple commutation relationships between noise operators, namely, [B, (), B/ (t')] o< I for all

t = t’, the Magnus expansion [1] truncates exactly at the second order. Accordingly, the desired propagator,
which we denote henceforth U, (T'), may be compactly expressed as follows (up to an irrelevant global phase
factor):

T
Ue(T) = T+€XP[—if0 UL (1) (Hs(8) + Hsp (1) U (1) dt] = exp[—iHeg T]

= exp I:ZZK(Z;(T) + Be (D) + D ZeZo (g o (T) + Ef,f’(T))} (2]
4 =t

where equation (21) explicitly defines the relevant effective Hamiltonian H.¢, and we have introduced new
random variables as well as time-averaged quantities by letting

GO =de+ @), Nee® =dee + 001, (22)
_ T T
As(T) = —if(; dt y, (DA (1), Ar € {C)y Br}s Mpp(T) = _ij; dt 3, () (O 1,0 (1), (23)

T f
R (T) = —% fo dn fo dty 3, ()3, (82) B (1), Bor (1)) (24)

Itis instructive to examine the propagator in the frequency domain, by exploiting the fundamental FF formalism
introduced in [19]. Substituting the explicit forms of the Magnus terms in equations (23) and (24) in the

7
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expression for U, (T in equation (21) and taking the Fourier transform, one may rewrite (up to irrelevant global

phase factors):
0.0 =expl-i32 [~ 268 D@ + Brw)
3

—00

d
—1 ZZK’ZZ”(IOO d Gg,)zt,(wy T)Uff/(w)

<!
- dwy f dw, 2 G wn TBe (), Bf’(wz)]) (25)
0o 2T oo

where the relevant first- and second-order generalized FFs, GV (w, T) and G®(w), w,, T), mayin turn be
expressed in terms of fundamental FFs:

—iGP(w, T)=F)(w, T), ¢=1,..,N,
—iGY), (w, T)=FY, (w, T) + FY, (w, T), £ =7,

. 1
—iGY), (Wi, wy, T) = E(thzf,(wl, wy, T) = FP , (wy w1, T)), £ =

and the corresponding first- and second-order fundamental FFs are given by

T .
Félf)(w, T) = *if(; dt y, () el = —[Fg;(fw, Y, (26)
1 . T : 1
FD, (w, T) = —i fo dt y, (D, (1) € = —[FY, (—w, I, @7)
2 T h - 5
FY, (i, ws T) = — L dy jo dts y, (1), ()€™ = [FQ), (—wr, —wn, T (28)

We recall that this general filtering formalism allows one to determine the CO of a control protocol as well as
its filtering order (FO)—in particular, around & = 0, as relevant to DD. If

0,@n-sty T) = O(n™o@) T, 29)

() I . . i
where m®u.a(@) is a degree- CI>(J) o, monomial in the components of &, then the CO v = min { o)

ceny

e @

suppression capabilities of a protocol in both the frequency and time domain to fully characterize the control

performance [19]. As defined in equation (29), the FO contains information about how ‘flat’ the filter

implemented by G; (] ) 0.(@, T)isaround & = 0, hence how well it attenuates low-frequency noise. The CO,
4

on the other hand, quantiﬁes the way in which uncorrected error contributions are expected to scale with the
total sequence time, irrespective of frequency. In this sense, the CO can be thought of as providing information
about the overall magnitude of the filtered signal. Notice that dimensional analysis establishes a relation between
the CO and FO of any generalized FF. Since Gg; ) Oaj@’ T)is aj-nested time integral, it has dimensions of

,,,,,,

[timeY, which yields
o) —0P L =i-1>0, Vi (30)

,,,,,,,,,,

Minimization of the left hand-side also 1mp11es that the overall CO and FO of a protocol obey the simple
relationship® ® < . In the light of these considerations, the high-order sequences described in the previous
section have interesting filtering properties: because only FFs of order av = 1, 2 arerelevant to the analysis, one
may verify that CDD and NUDD sequences have CO equal to a and FO €{a — 1, a}.

The effective Hamiltonian H.g defined in equation (21) (or equation (25) in Fourier space) comprises
different physical contributions. One-body terms, proportional to Z,, are present for qubits coupled to arbitrary
classical or private quantum baths. Two-body terms, proportional to Z,Z, and capable of inducing quantum
correlations between different qubits, may have two distinct origins within our model:

+ They may result from the ‘direct’ Ising coupling in the free Hamiltonian, corresponding to the term ¢ ; (T)in
equation (21) and filtered by G gf)zf,(w, T) in equation (25);

+ They may result from the ‘induced’ coupling mediated by the quantum bath via its non-commuting character,
corresponding to the term Ry, ¢ (T) in equation (21) and filtered by G¢ Z Zf (wy, wy, T)in equation (25).

8 We stress that for noise models more general than dephasing as considered here, ® and o need not be tightly related, and one can only
guarantee that the (infinite-level-Magnus) ®I*°! < «[19].

8
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Even in the absence of direct coupling (77;‘ () = 0), the bath-mediated interaction poses a main obstacle
to designing less resource-intensive DD sequences, as we will see in the following section. Notwithstanding, it is
important to iterate that, thanks to the bosonic algebra, the frequency-domain commutator
[B/ (w1), Bsr(w,)] o Iy depends only on one frequency variable, and thus only G éi) 7,(w, —w, T)willbe
relevant to our analysis.

Depending on the initial state of the system and/or bath, the cancellation or filtering order of a DD sequence
may be higher [19] than they are at the propagator level. In order to proceed to the exact solution for the reduced
system dynamics under the initial factorization assumption pgg (0) = p(0) ® py, let the initial N-qubit state be

p0) = lar - an)(by -+ byl p,;,(0) = Y la)Xbl p,;(0), (31
a,b a,b
where the sum ranges over all possible binary strings a = a; --- ayand b = b, --- by oflength N. The
interaction-picture reduced density matrix at time 7' may then be expressed as
(p(D))eyg = (Tra[Ue(T) p(0) ® pUe (T 1) = D e %P p, , (0)]a)bl, (32)
a,b

where the complex factor Z, , (T) = x,,(T) + i¢, , (T) allows for both non-trivial decay and phase evolution
of each coherence element. Specifically, direct calculation yields:

e—Zap(T) — <ezkwA[ﬂf+ﬂf/,hf+bw]f7},,~(T) ezt,maﬁbﬂ&;wv (33)
c
) <e;A[uhb/]l§f(T)> <ezfd,A[af+af/,hf+bf/](ﬁff,(T).q_R/,f(T))> (34)
q q
_plagl+lberl _
. <e2f,ffW[Bf(T),Bff(T>]> 35)

q

where Afu, v] = (—1)" — (—1) and a, is the £th entry of the string a. Formally, irrespective of whether we
consider the classical ensemble average or the quantum statistical average with respect to py, the following
cumulant expansion holds for a random variable or operator Q:

(e?) = <ig> = e Q@ R, (36)

|
s=0 3

where (-) stands for either (-), or (-).. If Q has stationary zero-mean Gaussian statistics, the only non-vanishing
cumulantis C?(Q, Q) = (QQ), hence (e?) = &{?Q)/2, Note that all the quantities in the exponents that define
Z,.»(T), which involve sums over single (classical or quantum) noise sources, inherit the properties of the
corresponding noise processes: e.g., if {, (t) is zero-mean Gaussian, the same holds for

Q=X ,Alap, b/] ¢ ¢(T) in equation (33). Furthermore, in view of the bosonic algebra, (equation (13)), the

two contributions (e>< A[“”“f”bf*bf/l(Rff’(T)*Rf’f(T))>q (equation (34)) and < 5o EV g 0y B

q
(equation (35)) are independent of py, and thus constants with respect to (-),. This allows us to obtain exact

analytical expressions for the controlled dynamics when all noise sources are Gaussian.

For non-Gaussian dephasing models in which the cumulant series does not truncate to the second order
(including nonlinear spin-boson models [40]), one needs to consider, in principle, all the infinite multiple-point
correlations which, in the Fourier domain, implies dealing with an infinite hierarchy of FFs. Remarkably,
however, for the family of classical plus linear bosonic noise models studied in this paper, arbitrary high-order
cumulants can still be written in a compact way in terms of only two generalized FFs, regardless of stationarity:

- o d@
C(k)(Cfl(T) 7_7p,»+1(T) ﬁpk(T)) = f (zﬂ-[)k] SC’r‘z“, k@[k]) Ggf)l(wl’ T) - G(Zlé(w]" T)
— 00

(1) (1)
GZf_+IZ/,{ (Wj+1> T) - GZthf,g(wk’ T)

_ _ oo dd
COBAT) -+ B = [ SWSE @) GPwns T) -+ G, T)

—oo (2m)k
and
— — . 0 da')[z] %) B,—
Re o (T) + Ry o(T) = f W 2oz, (W1 w2, T) S pr(wr, wa),

where nowboth G ? z,and S }3 - are functions of two independent frequency variables. Similarly the kth order
polyspectra depend on the full set of k frequency variables. Together with the exact expressions in equations (33)—

9
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(35), the above still provide a closed-form representation of the reduced multi-qubit dynamics, which may be
used to infer general results or serve as a basis to build approximations via truncation of the cumulant expansion.

3. Dynamical decoupling versus multi-qubit dephasing noise: short-time memory

Having introduced the necessary tools, we are now poised to address the first of the two control problems we set
out to explore, namely, efficient short-term memory using DD. Different DD protocols will be contrasted, and
in each case we will characterize their decoherence suppression capabilities and extract their CO and FO directly
from the relevant generalized FFs. While certain control strategies will only allow a fixed, small CO, we will see
how, as sufficient structure is added to the control in terms of selectivity and symmetry, arbitrarily high CO is
possible in principle. Beside re-establishing CDD and NUDD sequences as capable of arbitrary CO against
general dephasing noise[1, 5, 6, 15, 16], a main goal is to construct more efficient DD sequences tailored to
dephasing noise with particular features. We will present a new family of multi-qubit sequences that, by
satisfying a particular displacement anti-symmetry condition, can achieve arbitrary CO using exponentially less
resources, so long as no direct Ising coupling is present. The symmetry that these new sequences possess will also
prove fundamental in the context of building long-term multi-qubit memories (see section 4).

3.1. Non-selective multi-qubit control sequences

The most naive, yet often readily available, strategy to decouple multiple qubits from their environment is to rely
on non-selective control. In the formalism of section 2.2, this means applying global control operations of the
form X; ® ---® Xy = X, --- Xy, witha corresponding controlled propagator U%*¥) (T, If ¥, (t)is the
control switching function for qubit £, requiring that the CO « > 1implies that G 2) (w, T) ~ O(m (@) T+
[19]. Since, however, the same pulse is applied synchronously to each qubit, y,(t) = y(¢) forall #, hence

¥, (t)y,:(t) = 1forall . This affects the ability of non-selective DD to suppress time-independent noise: while
G(0, T) = 0, itfollows from equation (27) that G, (0, T) = 2T = 0, i.e., the noise induced by any
constant two-qubit direct coupling (dy, » = 0 in equation (2)) cannot be suppressed by non-selective DD. This is
expected, as global pulses commute with the direct (system-only) coupling term and thus cannot affect it.

Interestingly, the bath-induced two-qubit coupling and the phase evolution ensuing from the second-order
Magnus term can nevertheless be suppressed, albeit not according to an arbitrarily high power-law behavior. If
either a CDD, or UDD, non-selective protocol is applied, the FF suppressing the induced coupling term,

G g) 7,(w, —w, T),is found to scale as O(m! (&) T?), similar to free evolution (note that, using equation (28),
G g) 7,(w, —w, T)isareal function). Thus, non-selective DD cannot suppress the induced coupling term any
better than free evolution, namely, only up to a fixed order independent of . While at first it would then seem
that increasing o would not improve error suppression, as claimed in some two-qubit analysis [23, 26],
numerical exploration clearly demonstrates that as v increases, the absolute value |G gf) 7, (w1, wy, T)|does
decrease, i.e., better suppression is achieved (see figure 2) .

This behavior may be understood in terms of a formal analogy between DD and a Zeno effect resulting from
the increasingly more frequent pulses within [0, T'], as suggested in [3] for a single qubit. Consider
implementing M repetitions of a given non-selective DD sequence U™ *¥) (1, = T /M), thatis, an overall
sequence [UX*¥ (T /M) M over a fixed time T, in the continuous limit, where M — 0o. While the CO is
fixed, the number of pulses grows as 2M. In the simplest case of U{%*¥) = CDD), direct calculation yields

2 ‘ wT — tan (%)[sin(wT)tan (%) + 4M] ‘ T3
o)

IGP, (W, —w, T)| = — Vel
Thus, while increasing M does not change the power law of w or T, a suppression effect still takes place, stemming
from the increasing number of pulses within the storage time.

Assuming that no significant direct Ising couplings are present, simple non-selective control sequences may
still offer adequate short-time suppression in practical scenarios, depending upon specific system and noise
features. Given their inability to access high CO, however, the benefits of such sequences become increasingly
limited as technological limitations prevent access to sufficiently short minimum switching times, making
qubit-selective sequences essential to achieve high-fidelity control.

3.2. Selective two-qubit control sequences

When qubit-selective control is available, multi-qubit DD protocols with arbitrarily high CO may be devised
using the composition rule in equation (17). Both for clarity and relevance to near-term implementations, we
first consider two-qubit systems, though we will use notation that may be easily adapted to the multi-qubit case
(section 3.3). Let the DD sequences being composed have CO oy, o, and require 7 (o), 11(cy) pulses. The

10
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Figure 2. Effect of non-selective DD sequences on two-qubit bath-induced phase evolution. Top: FFs for sequences with comparable
minimum interpulse separation, 7: 7 ~ 0.14T for UDDgX‘XZ)(T) and [CDD{XIX”(T /3) P, while 7 ~ 0.09T for UDDY(IXZ)(T) and
[CDD*2 (T /5) 5. In all cases the CO and FO are the same as for free evolution (lower left panel), but the value of the FF decreases as
the number of pulses within a fixed time T grows. This is verified by studying M repetitions of CDD, 27y = 2T /M) within T. Lower
right panel: log-plot of the ratio |G§2f),zt,,(w, —w, T = 2Mry) |/| Gézf),zf,(w, —w, T =27)|for M = 3 + 4s"and s’ € [0, 10]. Plots
with longer dashes correspond to larger values of M and exhibit smaller ratios, hence better suppression of the bath-induced coupling.

composition guarantees a high CO, a = min {qy, a,}, hence all the generalized FFs are O(T®*!). We seek
strategies that achieve the same CO, but that also ensure high FO and require less than n;°' = 1 ()1 () pulses.

3.2.1. Vanishing direct qubit—qubit coupling
Assume that no direct inter-qubit coupling is present, i.e., ds »» = 0 = 7, .. (t) for all £ (hence, no contribution

to decay dueto 7 ; (1) in equation (33)). Similar to the non-selective protocols UéXfX" 7 considered above, one

can see that simply executing the single-qubit sequences U[E,f" )(T)and Ug;” )(T) independently on the two qubits
achieves the desired power-law dependence for the local (one-body) terms but not for the induced (two-body)
coupling terms: that is, G gf) (w, T) ~ OW*T**"), whereas Ggf) z.wn, wy, T) = O(m® (@) T in general.
However, adding more structure to the control design can overcome the issue, yielding arbitrarily high FO and

CO for all the generalized FFs relevant to the problem, as we show next.
* Mirror anti-symmetry—While, as remarked, the commutator spectrum S ;’,,;’ (w1, wy) that enters the error

integrals for two-body terms, equation (25), is in general complex albeit anti-symmetric in the sense of
equation (15), a simplified solution is possible if the noise is known to obey additional symmetry properties.

Suppose that

Spo(w) = =SP(—w),

Y w,

(37)

and consider any DD protocol that satisfies the following mirror anti-symmetry condition (see also top panelin
figure 3 for a pictorial illustration):

1 (T/2 + )y, (T/2 4 1) = =y, (T/2 = 0)y, (T/2 — 1),

V4, t, € [0, T/2],

(33)

with mirror symmetry, corresponding to a reflection about t = T /2, being correspondingly described bya +
sign in the right hand-side of equation (38). Then it is easy to verify that
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Figure 3. Mirror- (or displacement-) symmetric patterns (top row in each diagram) versus mirror- (or displacement-) anti-symmetric
pattern (bottom rows). Mirror symmetry (equation (38)) entails a reflection of the pattern with respect to T' /2, whereas displacement
symmetry (equation (39)) is achieved via a translation in [0, T /2]. Anti-symmetry requires an extra inversion operation—effectively
multiplying the pattern by —1. The segment highlighted in blue is a visual aid.

o0 o0
_ i L duy ji Ay G, (w0 wp, ISP, w)

- Ii dw[j: dy j:l dty y, (W) y, (t) — fTO dt, j;z dy yf(tl)yf,(tz)]

x eIl (w) = 0.

Thus, mirror anti-symmetry guarantees that no contribution to the propagator in equation (25) arises from the
above integral. A simple recipe to generate a control protocol with the required anti-symmetry is to execute
independent CDD or UDD sequences with CO «a, and ayr obeying the ‘odd-parity condition’ that oy + s
odd. If so, y, (¢) has mirror symmetry, y,(T/2 + t) = y,(T /2 — t), whereas y,,(t), has mirror anti-symmetry,
Y (T/2 + t) = =y, (T/2 — t), their product then obeying equation (38). Let us denote this type of
independent sequences by Ug; X Uax;, '(T). The only contributing generalized FF, G g; (w, T) ~ OWTHY,
implies then that the sequence achieves CO = FO = o« = min{ay, oy} byusingonly n(a,) + n(ag) pulses,
as opposed to the 1 (ay) n(cy) for a sequence built via composition. For example, using the UDD sequences as
building blocks, NUDD would require (c; + 1)( + 1) pulses, in contrastto (o + o, + 2) pulses for mirror
anti-symmetric DD.

The symmetry condition imposed on the noise spectra by equation (37) corresponds to requiring that
g,f gkf/* € R.Inview of equation (11), this in turn implies real coupling strengths, Im [gkf ] = Oforall Z, with
collective dephasing as a special case. Interestingly, it had already been shown [26] that enhanced DD protocols
obeying the above-mentioned odd-parity condition guarantee high CO for two qubits exposed to collective
spin-boson dephasing from a Gaussian (thermal) bath state. Beside shedding light on the underlying symmetry
enabling this result, our analysis at the propagator level shows something stronger: as long as equation (37) is
obeyed, mirror anti-symmetric sequences achieve arbitrary CO irrespective of the initial state p, hence
including arbitrary non-Gaussian bath states.

* Displacement anti-symmetry—Since the environmental couplings may not be precisely characterized in
realistic scenarios, or need not comply with equation (37), assuming such a symmetry is too stringent in general.
We thus proceed to design model-robust efficient high-order sequences without any further symmetry
assumptions beyond those stemming from the bosonic algebra. Demanding a suitable symmetry on the control
switching functions will still be crucial to achieve this goal. Building on the explicit form of the second-order
fundamental FF relevant to the problem, F 2,) Z{,(wl, wy, T) in equation (28), we propose the use of a
displacement anti-symmetry, defined as follows (see also bottom panels in figure 3):

1 (T/2 + )y (T/2 4+ 1) = =y, (t)y (), Vi, € [0, T/2], (39)

with displacement symmetry being instead associated to the 4 sign in the right hand-side of the above equation.
Direct calculation shows that the second-order fundamental FF obeys
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> T/2 t T/2 T 41 .
Féf),z/,(wl, Wy, T) = — [f dtl dtz + dtlf dtz =+ dtlf dt2:|}/f (tl)yf,(tz)e‘“‘t
0 0 T/2 T/2 T/2

/2 o
— FY, (@, ws, T/2) — f de! f dty 3, (T/2 + )y, (t)ei@ e

(w|+w2)l

- f dr/ f dt] 3, (T/2 + )y, (T/2 + theieTei s,

where t]( =t; — T/2forj = 1,2.Thus, the anti-symmetry requirement implies that

(w1+w2)T

FY, (Wi wy T)=(1 — 7P, (wi, wy, T/2) — €7 EP(wi, T/2)FP (w2, T/2),

l(w1+w2>
e 2

FD , (wy wi, T)=(1 — VED, , (war w, T/2) + €5 P (wy, T/2)FP(wn, T/2),

with each fundamental FF appearing in an integral over (w), w,) and being multiplied by

. sw—w) T . .
Sf’;,(wl, wy) X 6 (w; + wy). Accordingly, 1 — e’ 2" = 0and the first term in each of the above expressions
never contributes. It follows that the relevant second-order generalized FF factorizes into a product of first-order
fundamental FFs:

—iGP, (w, —w, T) = —cos(wT/2) F)(w, T/ F(~w, T/2). (40)
Let the two basic single-qubit DD sequences correspond to CO (FO) equal to oy (¥,) and avsr (®,) in the
intervals [0, T/2]and [T /2, T], respectively. Equation (40) then implies that

G ylw, —w, T) ~ O™ T T+

and thus the resulting two-qubit sequence achieves CO = min {«;, ap}and FO =min {®,, ®,}, using only
2[n(aq) + n(ay)]pulses. Notice that it is straightforward to build a control sequence possessing the required
displacement anti-symmetry: given a DD sequence over an interval of duration T'/2, say U x U(Ef,” N(T/2)or

Qy
U (T /2), define

ULEXNT) = X, (USY x US(T/2)) XJ (U < US(T/2)), (41)
ULEEN(Ty = X, (USRI (T/2)) XF (USSR (T /2)), (42)

where the conjugation of the second half of the sequence, over time [T /2, T], by X, guarantees that
¥, (T/2 + 1) = —y,(t)while y,,(T/2 + t;) = y,/(t;),altogether ensuring that the product
Y, (T/2 + )y (T/2 + t,) = —y,(t)y, (t,) in agreement with equation (39).

While the relevant first- and second-order generalized FFs give us information on the worst-case filtering
and cancellation capabilities that a DD protocol can ensure under minimal knowledge about the noise process,
higher effective CO and FO can be achieved if additional assumptions hold [19]. Recall, in particular, the pure
spin-boson stationary Gaussian noise model on two qubits discussed in the appendix. As remarked there,

G g; (w, T)never appears alone in the reduced dynamics and thus, assuming e.g. that qubit 1 corresponds to an
anti-symmetric switching function, we have the effective generalized FFs

1 M_ ~ 2+ D) T2(+1)+2
GZ1 (w, T)Gzl( w, T) ~ w=tt Tl s
1 M _ ~ (202 20,42
GPw, TGP (—w, T) ~ waT242,
Gél)(w, T)Gg)(—w, T) ~ w(n,1+1)+azT(a1+1)+a2+2’

1 2
Gy (w, —w, T) ~ wortmTotart?,

Thus, the extra symmetry associated with the zero-mean Gaussian nature of the initial bath state has effectively
increased the CO and FO of the sequence. The above predicted power-law behaviors are demonstrated in
figure 4.

* Sequence comparison—In order to gain quantitative insight, it is useful to compare the more efficient
displacement-anti-symmetric DD sequences we have just built with other DD sequences applicable to our noise
model. The term which is most relevant to such a comparison is the induced coupling term, since guaranteeing a
high CO for this term is the whole point of introducing anti-symmetry or using the composition rule.
Specifically, let us focus on the noise-induced phase evolution i¢° (T') over time T, namely, from equation (A.3)

27 (T) = —i f Y dw GPy(w, —w, T)SP (w) = —i f ” dwI (w, T) (43)

evaluated for a sub-Ohmic noise spectrum S,%~(w), inspired by phenomenological treatments of nuclear-spin-
induced dephasing in semiconductor quantum-dot qubits [17, 41]. For fixed total time T'and minimum
switching time 7, we construct sequences with the highest possible CO « within these constraints, using CDD as
building blocks and incorporating mirror anti-symmetry, displacement anti-symmetry, or using nesting—see
table 1 for a summary.
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Table 1. DD sequences applied in figure 5, along with the corresponding CO and FO for the second-order FF G g}ZZ(w, —w, T)relevant for

noise-induced phase evolution.

Free evolution CO=2FO=1
CDD % cpD Y1) CO=1FO=0
CDD $%)(T) CO=2,FO=1
CDD ${%%)(T) CO=5,FO =4
CDD Z’:gl'f)(T) CO=9,FO=38
NCDD;X}’;;(T) CO=1,FO=0
NCDgg X;') (1) CO=5,FO =4
CDDIXI"XZ)(T) CO=2,FO=1
cbDs; (1) CO=3,FO=2

No DD applied

Mirror anti-symmetric DD, oy = 3, 5, a, = 2, 4
Non-selective CDD, o = 3, 5

Displacement anti-symmetric DD, T = T
Displacement anti-symmetric DD, T = T,
Nested CDD, T = T,

Nested CDD, T = T,

Multi-qubit CDD, T = T

Multi-qubitCDD, T = T,

Representative results are shown in figure 5. While absolute values of the unwanted contribution I (w, T)
are quoted in the in-line table, we plot a small power of the integrand, I (w, T)'/?,p = 15, rather than usinga

logarithmic scale as in figure 4, in order to better visualize the full range of values while avoiding issues associated
to the negative values of I (w, T) atlarge frequencies. As one may see, guaranteeing a high FO (hence a high CO)
forG Z)Zz(w, —w, T)iskey to effectively suppressing phase evolution, with similar conclusions holding for any

spectrum S (w) that is heavily weighted around w = 0. Because displacement-anti-symmetric DD achieves
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Figure 5. Comparison between different DD sequences capable of suppressing the induced coupling term versus free evolution, for
times T = T, = 8 us (top)and T = T, = 32 us (bottom), at same minimum switching time 7 = 1 us. A sub-Ohmic spectrum with
Gaussian cutoffis used, S (w) ~ eln2g (w/w) 2e %% with g/w. = 0.2078, w, = 2710* Hz,and #; , = 10~2s. The main
panels show I (w, T)!/'* (equation (43)); insets are in log scale to facilitate the visualization of power-law behavior. The in-line table

lists the value of | f dwl (w, T)| = 27¢°(T) for the corresponding sequence. Specifically, we compare (see also table 1): CDDgXI) X
CDDY?(T), CDDYY x  CDDY?)(T), CDDS) (T), NCDDS 2 (T), and DD} " (T) for T = T;and CDDEYx CDD{?(T),
CDDYY x CDDY?(T), CDDEK (T), NCDDS 5™ (T),and CODSs 2 (T) for T = T.

the highest CO and FO for the induced coupling term, it outperforms all other strategies. Interestingly, two
suppression mechanisms are evident: the first, stemming from the FO and CO, is manifest in the relative
amplitudes of the oscillating functions, especially at low frequency; the second is the oscillatory character of the
integrand itself, with positive and negative contributions partially canceling each other.

The absolute values of I (w, T') quoted in figure 5 further show the importance of the FO: amongst all
sequences, displacement anti-symmetry-enhanced DD yields substantially better suppression. While one might
naively expect such a difference in performance to originate solely from the difference in CO, it has already been
shown that sequences with the same CO can have very different performance because their FO differs [19]. Here,
we observe a related behavior. Since G® (w, —w, T) ~ O(w®” T 1), it follows from equation (30) that
—®@ + o = 1. The sequence with the highest value of ®?® will thus also have the largest a(®. Accordingly, a
higher FO does not only imply better protection around w = 0, butindeed a higher protection in the sense of
the power law in T. Also notice that when the FO/CO of a sequence are below those of free evolution, DD may
become aliability, effectively increasing the unwanted noise effect; e.g., this is the case for both the nested CDD
sequence and for the mirror anti-symmetric sequences for T = 8 us.
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3.2.2. Non-vanishing direct coupling

In the presence of a direct Ising coupling in the system Hamiltonian, i.e., dg »» = 0 = 1),,,(¢), DD sequences
applied independently to each qubit will not suppress such terms to arbitrary order. Using the displacement
anti-symmetry-enhanced sequences described earlier and recalling equation (25), one finds that for the static

T
direct coupling, proportional to d, ¢/, the relevant generalized FF ngzf,(w =0,T)=2 fo dt y, (). () =0,
as desired. However, for the FF corresponding to the time-dependent noise component, proportional to

Ny (t), we find that, in general

T . I
GY, (w, T) =2 fo dt 3, (D (e = O(WT) ',

Thus, displacement anti-symmetry alone guarantees a high FO and CO only in the presence of a static Ising
coupling. In such a case, Ul‘ftjfz;,’x‘o ?achieves CO = FO = a = min {ay, az}.

Ifa time-dependent noisy coupling is present, it is necessary to resort to nested two-qubit DD sequences
built via composition, i.e., U((a)i) ap(T) or U(/no(?) (T). These sequences, which include NUDD and multi-qubit
CDD, are the only known protocols capable of achieving arbitrary CO «.. However, their FO need not be
maximum: direct calculation of G %) 7,(w, —w, T), combined with dimensional analysis, shows that indeed

® = afor CIc)Dg,)a)(T), but NUODDgi apy(T) onlyachieves ® = o — 1in general. As before, by further
imposing a displacement anti-symmetry on NUDD, the FO can be maximizedto ® = a.

3.3. Selective multi-qubit control sequences

3.3.1. General construction

The above results may be extended beyond the N = 2 qubit scenario. Doing so requires generalizing
displacement anti-symmetry to multiple qubits. Since satisfying the requirement of pairwise displacement anti-
symmetry, equation (39), for all pairs simultaneously is clearly impossible, we seek a control structure capable of
satisfying an analogue to displacement anti-symmetry at different timescales. We start by subdividing the total
evolution time T'in 2V~ ! segments of length 79, i.e., T = 2V~ 7. One can then demand that for every #and
=219, =10,...,N — 2,and t € [0, T;)

Y (T/2 —mr+t) = (—I)P(N)(f>5)yf(T/2 +m—-Drn+1), 1<mg2N—=2
where PN (£, s) are the entriesofa N x (N — 1) binary matrix. In this notation, the N = 2 qubit displacement
anti-symmetry is simply represented by P?) = (10 ), which yields
)’l(f) = (+1))’1(T/2 + t): yz(t) = (71))/2('1‘/2 + t)-

We can generalize to multiple qubits via an appropriate matrix

00 o0 ---0
100 -0
P(N)(f, )S=lo1 0 ol (44)
00 0 1
In this way, for every pair #, £’ there exists an s such that, when t; and , are in an interval
[T/2 —m7, T/2 — (m — 1)7y)
Yo ()3 (1) = (— D EITEIED ) (Qm — D+ )y (@m — DT+ 1)
=—y(Cm — D7 + )y (Cm — D7 + 1), (45)

foralll < m < 2N7572, resulting in what we call generalized displacement anti-symmetry.

The next step is to give a systematic procedure to build N-qubit DD sequences that incorporate the above
symmetry constraint. We do so by introducing an auxiliary N x 2N~ matrix Q™) associated to P™"), with the
Zthrow, Qy, defined as follows. Let the 2V~2 entry of the row Q, [Q],¥-2, be set to 0. First, [Q]on-2 ;1 is chosen
such that [Q/],v—2 = [Qglpv—241 @B P (&, 1), where @ denotes addition modulo two. Next, [Qz],v—2_;and
[Qrlov-242are chosen such that { [Qzv—2_1, [Qzl¥2} = {[Qzlv—2-1 @ P(Z, 2), [Qsl,¥> @ P(Z, 2)}. We
then proceed recursively: given { [Qzlv-2_(»-1_1), ..., [Qzln-24 -1}, we may build a unigue string
{[Qrlv-—2_@—1) .. [Qelv2, [Qrlv-2415 ..., [Qgzlav-24 2 } such that
{[Qdr @1 [Qely2} = {[Qely 2 & P(£, p),..,[Qelov-242 @ P(Z, ) }. The resulting matrix Q)
gives us a way to build-in the symmetries and anti-symmetries of the switching functions y, (¢) at different
timescales; e.g., in the two qubit case described earlier
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i)

Given abase DD sequence on an interval Ty = T/2, say Uéff ) x Uf‘ff’ (T /2), the displacement anti-symmetry-
enhanced version is then given by

(XlQl,l X2Qz,1 U((Y)jf) % Ug;f”)(T/Z)XIQI’IXZQZ‘I )(X]QI,Z XzQz,z Ug;r) % U(i){(fl)(T/Z)XlQI'Z XZQZ‘Z),

in agreement with our construction in equation (41). For N qubits, the generalized-displacement anti-
symmetry-enhanced sequence U(if’(i)(T) = U(f;)(?f{’)'él\;xN)(T = 2N~1Tp) of abase DD sequence UéX)(E)) is
similarly given by
HN-1
USOT = 21Ty = [ @ X2 U'P ()@ X2 (46)
s=1
It remains to show that the above construction achieves in general the desired arbitrary-order noise
suppression, similar to the two-qubit case. Our strategy is to first show the result for a fixed pair of qubits for
which generalized displacement anti-symmetry at scale 7; holds, in the sense of equation (40), and then
generalize the argument by noticing that, by construction, equation (45) is satisfied for atleast one s for every
¢, ¢' pair. Given pair (¢, ¢’), one then has

® 1 g 4 .
~F e D= X [ dn [ de gy (e
q=0

qTS qu
1 Lt (r+1)7; .
+ Z f dtl f dtz Ve (tl)}/f/ (tz) e
g>r=0 47 s
oN-s—2_1

Ts t ) N
= E j(; dtlj; dt, (elq(erwz)Tsyf(qu + tl))’,/w(qu 1 fy)eidt
q=0

+ el D@itenny (2g — D7 + 1)1,(2q — D7 + t)e®)

oN-s—1_1

g+ d (r+1)7s d o7
+ Z f t Yy (tl))/f/ (tz) e .

gor—=0 Y% s

Each integral in the second summation is just a time-translated version of FV (w;, 7,) F" (w,, 7), while the first
summation can be simplified by invoking displacement anti-symmetry:

2N—s—271

. Ts ] U

z (elq(w1+wz)7'sf dtlf dr, }’,f(qu + tl)yf’ (qu + B)el®f
' 0 0

. Ts 3} o
e [y [dny,(@q - Dn ot 0@ - Dt tz)e’”“)

P . . Ts 4 o
= Z (elq(w1+wz)fs _ el(Zq—l)(w1+wz)Ts) f dtlf dtz )/f(qu + tl)yf/(qu + tz)ew_-"'t)

) 0 0

which vanishes when w; 4+ w, = 0, as relevant to stationary noise. Accordingly, in the absence of a time-
dependent direct Ising coupling, generalized displacement-antisymmetry-enhanced DD achieves CO and FO
equal to « = min{ay}, as desired.

3.3.2. Example and resource scaling
We illustrate the above general construction in the simplest non-trivial multi-qubit setting, N = 3, in which case

we have
00 0 0[O0 O
PO, s)=[1 0, Q®¥=[1 0|1 0f
01

01 10
Explicitly, the following set of symmetries are enforced by P: at time scales 7, for
te[T/2 — mry, T/2 — (m — 1)7), we have
7@ =EHD p(Cm — D1 + 1),
1 (6) = (=D y,(Cm — D1 + 1),
y;(0) = (+1Dy;(2m — D7y + 1),
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Figure 6. Schematic representation of the sign pattern induced in each of the y, (¢) by the displacement anti-symmetry for two (left
panel) versus three (right panel) qubits. For example, for N = 3: y,(t) = —p,(T/4 + t) = —p,(T/2 + t) = y; 3T /4 + 1),
te [0, T/4).

form = 1, 2,whileattimescale = 27,t € [T/2 — mn, T/2 — (m — 1)7), we have
)’1(1‘) - (+1) N (7—1 + t))
yz(t) = (+1) )’2(7'1 + t))
Y, () = (=1 y; (1 + 1),
for m = 1. Starting from y (¢), for instance, and with 7, = T'/4, these conditions require
O =HDy(T/4+1), telT/4,T/2),
@) =(+1)y,3T/4 + 1), tel0,T/4),
(O =D y(T/2+0, te]0,T/2),

which may be simultaneously obeyed by the pattern
y() = =y (T/4+t) = —p(T/2 + t) = y,(3T/4 + t), te[0, T/4),

see figure 6. With 7y = T /4, we may then build an enhanced DD sequence using equation (46) and the
(independent) base sequence U (T / 4) = U((fl) X Ugﬁ) X U(z@ (T / 4). Explicitly:

USE(T) = XX US(T /9 X% UL (T /4 %, U (T /4) XX, U (T /) X;,.

Asinsection 2.2, let n(ay) > n(a) denote the number of pulses in a single-qubit DD sequence achieving
CO ay, with n?' (N) = H?’Zl n(ay) > [n(a)]N for multi-qubit CDD or NUDD. For a sequence that
incorporates generalized displacement anti-symmetry, the required number of pulses grows instead as
n@ O (N) = 2NN n(ay) = 2N7IN n(a). While this is still exponential in N, it may translate into a
significant resource reduction:

pihtot@) > N 2N-1p(a) _ N
np (N) [n(a) N [n(c)/21N!

which represents an exponential reduction in the required pulse number whenever o > 1.

Beside affording a smaller total pulse number, the presence of displacement anti-symmetry also implies less
stringent requirements on the minimum switching time of the corresponding protocols. For instance, the
minimum switching time for a multi-qubit NUDD sequence achieving minimum CO « scales as
N ~ (1/02)N, whereas an enhanced UDDi’(Xl'”XN) sequence built out of equation (46) has minimum
switching time scalingas 7% = 7,/28"1 ~ (1/a2)N (a2/2)N~1; that is, our sequences also have an
exponentially larger minimum switching time, making them potentially more amenable to experimental
implementation in multi-qubit systems.

As in the two-qubit case, the above advantages in terms of pulse number and timing constraints are
meaningful only so long as an arbitrarily high CO/FO is achievable, which in our noise model is possible only

when no fluctuating direct coupling is present. Even if the latter is non-zero, however, it is beneficial to

. . . . o (X5 XN) . . .

incorporate displacement anti-symmetry in NUDD or U’ ml_'_ny " sequences which can achieve arbitrary CO: by
. o dy(Xpy o X . .

doing so, the enhanced sequences U, G X9 and U7 (X, .. X) achieve both CO and FO equal to « for the most

b eeor ON N

general version of the noise model under consideration. It is also worth noting that, out of the multi-qubit

sequences described in section 2.2, the multi-qubit CDD’ Efl ;()2)(721) already has a form of displacement anti-
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symmetry built in. This is easily seen by noticing that CDD/ Effl (f)z)(ﬂl,) may be thought of as the result of
imposing anti-symmetry on a sequence CDD’ Efi"_‘i; ’_?{)a_ 1)(To—1) using an ‘enlarged’ PN) matrix, with N x N

entries, given by

1 -1 11
1110
0
N = 1 -1 00}
1000

The concatenated structure results in the ‘enlarged’ displacement anti-symmetry and guarantees FO & = «

using n°" = 22N @+D pulses. While the latter is exponentially larger than than for U%%%) sequences (which
use 2V~ IN#n (o) pulses), multi-qubit CDD is capable of suppressing an arbitrary (direct and induced) coupling
term. As we shall see next, displacement anti-symmetry is also the key to establishing our results for long-term

storage of multiple qubits, hence our results will apply in particular to CDD/ Efil ff)(T) sequences.

4. Dynamical decoupling versus multi-qubit dephasing noise: long-time storage

If the promised benefits of QIP are to be fully realized, techniques that enable high-fidelity preservation of
arbitrary quantum states for extended time periods (i.e., periods longer than those over which DD protocols have
been traditionally designed to be effective) must be available. For example, in a quantum computer it may be
necessary to store information at error rates well below threshold in idle qubits, while additional processing tasks
are carried out in parallel on other qubits. Furthermore, in order minimize negative effects on total processing
time, this stored information should, ideally, be accessible ‘on-demand’. For these reasons, we now turn
attention to the problem of high-fidelity long-time storage of information, under realistic timing and access-
latency constraints. That is, we are not solely interested in protecting an arbitrary multi-qubit state for a fixed
(potentially arbitrarily long) storage time T, but also in being able to retrieve it on demand, with guaranteed high
fidelity and sufficiently small access latency.

This problem was studied for a single-qubit exposed to Gaussian dephasing noise in [17], where a systematic
approach to meet the above requirements was proposed, based on periodic repetition of a high-order DD ‘base’
sequence UM (T,)—resulting in total storage time T = MT;, and access latency capped at T, < T'. Provided
that the relevant noise spectrum decays to zero sufficiently rapidly at high frequency (ideally, with a ‘hard cutoff’
of the form S (w) x w*® O (w — w,)), the key observation is that the long-time limiting value of the qubit
coherence need not be zero; rather, coherence (hence fidelity) may be made to ‘plateau’ at a controllable limiting
value by appropriately choosing the base DD sequence, so that the following conditions are obeyed:

wT, <2m, s+ 2a > 1. (47)

Qualitatively speaking, the first of these conditions ensures that no substantial high-frequency noise is present,
above w, = 2m/T,, that would otherwise be amplified by the sharp ‘resonance peaks’ appearing in the relevant
FF as a consequence of the periodic repetition. The second removes any singularity at zero frequency, thus
curtailing the damaging effects of low-frequency noise in the long-time limit.

Here, we show how this result can be extended beyond the single-qubit Gaussian scenario, by identifying
conditions that ensure, in principle, a fidelity plateau for stationary multi-qubit dephasing from classical and/or
spin-boson (Gaussian and non-Gaussian) noise sources. The starting point is to recall that the expression for the
system’s reduced dynamics, equation (32), does not make any special assumption on the statistical properties of
the noise beyond those imposed by stationarity and the spin-boson algebra, along with the standard initial
system—bath factorization. Thus, we may separately analyze each of the factors in equation (32) in order to derive
plateau conditions for classical and quantum noise sources independently.

4.1. Fidelity plateau conditions for multi-qubit classical stationary dephasing

Let us first derive the conditions that must be satisfied in order to engineer a fidelity plateau in a multi-qubit
system, subject to classical noise contributions only (as a reminder, these contributions are described by the
fluctuations of single-qubit and two-qubit energies, ¢ ’L, (t)and 77;) (). Specifically, we would like to show that
when the control protocol consists of M repetitions of a base DD sequence with duration T, all classical
contributions to the decay e~%+*(T), namely, the contributions given by

>
c

< e2v s Alactapbetbelif o pi(T) o 037, Alagbel c”f(T>>

may be made to approach a constant nonzero value in the large-M limit (formally, as M — o0). Equivalently, we
require that the arguments of these exponential terms not diverge as the number of sequence repetitions becomes
large. From the cumulant expansion in equation (36), one sees that it suffices to show that each kth order
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cumulant C® (g"fl (T) - C_’fj(T), 7‘7’1,}_“ (T) -+ 7'y, (T)). approaches a finite constant value in such a limit, for
every j = 0,...,k. We do this by recalling that the effect of a base DD sequence on the classical noise
contributions (and, therefore, on the corresponding cumulants) is captured entirely by the FFs G A(th) (ws, Tp) and

G é?zf,((«df, ¢'» Tp), and noting that these first-order FFs obey a simple composition rule under repetition [17]:

1 — eiMwr
lwa

Gy (ws, T = MTy) = KRS % wer T)

and similarly for Gélf)zw((uf)f/, T = MT,). Defining the index vector L[k] ={L}=@&....% Piip-- spp)asak-
component vector with entries L,, direct calculation yields:

CRI G (T) -+ Gy (D), 71, (T) -+ 7, (D)

7f°° dédp— 1]( ' sin(Mwy, Tp,/2)
r=1

GWD GWD
@m)Ft sin(wr, Tp/2) ] Wi ) Gz 2y @ooo T) (48)

(le,...,kail). (49)

. k—1 Tp
)
Y]
kasz Zer’ e T Sfl,m,zf’,-,pjﬂ,m,pk
sin ( (Zrilwb )_p)

2

Upon making the change of variables Mw;_ T,/2 +— w;, and taking the large-M limit, the product of ratios
of sin functions in equation (48) may be replaced by a product of sinc functions, which approaches a multi-
dimensional frequency comb with peaks of height O(M) at wy, = q; 27 /T, q; € Z.Inorder for the above
kth-order cumulant to have a finite value, one must then avoid the O(M) divergences at the peaks located at
every

T

k—1
O (q) = (qu Sqp, 0 T ZqL,]' (50)
r=1

In practice, meeting this requirement is impossible, since no DD sequence is known, such that its FFs have a
high-order zero for all {q }, as required. However, building on the single-qubit case [17], it is unrealistic to
expect that a plateau regime may emerge at all, unless the noise is sufficiently ‘well-behaved’ at high frequencies.
Let us work in the simplest (idealized) scenario, where a hard frequency cutoff exists for each frequency variable,
such that the power spectra may be Taylor-expanded around the @ = 0 = 4 as follows:

k-1

SEl o @rpowr ) = [T wiv ©wr, — wer D, (51)

r=1
where w, 1, is a high-frequency cutoff parameter and sy, characterizes the power-law behavioras wy, — 0.
Similarly, we assume that the low-frequency behavior of the relevant FFs reads

GP(wr, T) ~ OWwi™), G, (wip, T) ~ OWi™), (52)

interms of the CO «, corresponding to each frequency variable. By demanding that, in analogy to equation (47),
w1, T, < 2m,forall L,, we may then ensure that there are no high-frequency noise components at any of the
resonant frequencies, so that only the divergence at {q; } = 0 contributes to the kth order cumulant. The
strategy is then to decompose the integral in equations (48) and (49) into a sum of integrals over hypercubes of
side 27 /T, centered around § = 0 and, asin [17], to make sure that the dependence upon each frequency
variable is sufficiently well-behaved close to zero for the corresponding integration to be convergent. That is, we
require that each frequency integration admits a power law w7y , with x > —1, close to zero. Direct calculation
then yields the following conditions:

k—1 k
We L, Tp < 2m, ZSL7 + ZOCLV > 1, V{L,}, Vk. (53)

Being motivated by essentially the same physical requirements, these conditions are entirely analogous to those
given in equation (47) for the single-qubit case.

Accordingly, a plateau behavior may be engineered by choosing a base DD sequence such that all first-order
FFs G g)(w L, I)and G 2) 7,(wr,, T)have zeroes of sufficiently high order at each w; = 0. Suitable choices were
described in section 3. We note, in particular, that collective as well as independent single-qubit sequences
suffice as long as no direct Ising coupling is present [77;) »(t) = 0], otherwise sequences built out of composition
(such asNUDD or multi-qubit CDD) will be required to ensure high CO « p =t Still, since only first-order
FFs are involved, displacement anti-symmetry does not play an essential role. This contrasts with the case where
bosonic noise sources are present, as we shall see in section 4.2.
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The conditions in equation (53) contain, as a special case, the ones derived in [ 17] for a single qubit exposed
to zero-mean stationary Gaussian noise, due to either a classical source or a quantum bosonic environment. In
such simple cases, with k = 2and Ljy; = (1, 1), there is only one power spectrum—namely,

514,1 (w, —w) = S¢(w) or, respectively, Sfﬁ(w) = 7] (w)coth(Bw/2), w > 0, hence our conditions translate
into 2a; + sy > land w, T, < 2, in agreement with equation (47). Since, for a single qubit, dephasing
evolution is fully characterized by first-order FFs G E)(w 1,» T), the plateau conditions in equation (53) apply, in
fact, to the more general scenario where noise is non-Gaussian.

Paradigmatic examples of classical non-Gaussian dephasing arise when a qubit is exposed to random
telegraph noise [42] or is nonlinearly coupled to a Gaussian noise source, e.g., ¢ (t) = [£ ()%, with £ (¢)
Gaussian as for a qubit operated at an optimal point [43]. Consider, for illustration, the latter case. If the power
spectra Sfl (w) of £ (¢) hasa cutoff w. = A, it follows that STC (wys ... wi—1) hasa cutoffat 2A for all k. To see this,
observe that (C (#) - C(t)) = (@& (1) -+ £ (#) € () ) can be written, by virtue of the Gaussianity of £ (¢), as
asum of terms of the form (£ (#;) € (¢,,)) --- (£ (#;,_)&(8)), where i; € [1,--+,k]. After Fourier transforming,
direct calculation shows that each of these terms is of the form
—wp = —wi YWy e+ wi)

1

[e¢}
[ dwst @St — w - S - w

X SEWis1) < SEWiSuy, - bup 1 <s <.

is41

Because of the assumed cutoffin S¢ (w), it then follows that the integral is non-vanishing for w; € [—A, AJ,and
aslongas —A < w, — w; KA, A< w—w, —w, <A, —A < w —wj, — - — w;, < A. Therefore,
wj, canatmost be 2A, w;, € [—2A, 2A], and so on. That is, any high-order spectra of ¢ (¢) has a cutoff of at most
2A in allits frequency variables and, furthermore, is stationary, thatis, w; + --- + wy = 0, atorder k. Also
notice that from the form of the above expressions we may infer that the functional dependence with respect to
the frequenciesis such that 3 _s; grows at most linearly with k, making it possible for the plateau constraints to
be satisfied.

For bosonic noise, stationarity demands that [ pp, Hg] = 0, hence py is diagonal in the multi-mode Fock
basis. A simple example of non-Gaussian dephasing arises when py, is a mixture of thermal (Gaussian)
components at different temperatures, e.g., pg = w1p5 + Wap, with 3°, w; = 1[14]. While detailed analysis
is beyond the scope of this work, and may be most meaningfully carried out for a concrete qubit device, our
approach provides in each case sufficient conditions for a coherence plateau to be engineered in principle.

4.2. Fidelity plateau conditions for multi-qubit classical plus spin-boson dephasing

Multi-qubit dephasing arising from combined classical and quantum bosonic noise sources may be analyzed by
generalizing the strategy of section 4.1. Again, given the convenient form of equation (32), it is possible to analyze
the additional effect of the spin-boson interaction by analyzing the contribution of the factors resulting from a
quantum average. In order to guarantee the existence of a fidelity plateau for this more general case, it is
necessary to ensure that the exponents of the additional decay terms, arising from quantum bosonic noise
sources, also do not diverge as M — oo. Hence, in the large M limit, we require that, at order k in the cumulant
expansion (recall equation (8) and the stationarity assumption)

r=1

* d¥p-1 .8 ) o %
j; 71551,‘“,4 (wl,...,wk,l)GZﬁ(wl, t) - szk —Zw,, t| — constant, (54)
o d
f %S}i"g/(w) G%)(w, T)Gg/,),(—w, T) — constant, (55)
— 00

© d

f —wS;’g/(w) Géz)z (w, —w, T) — constant. (56)
—o0 2w i

Itis straightforward to determine plateau conditions for equations (54) and (55) by following a similar analysis to

the one used for classical noise, as the equations are basically the same. In particular, we also demand a hard cut-

off for the quantum noise spectra, namely

k—1
B St
S),’”l,...,fk (wfp ~-->Wfk71) ~ H O(wf:) G(lwf, - w&f,l):

r=1

X SEa(w) ~ OW*) O(lw — we, ),

where §; and §; , characterize the relevant low-frequency power-law behaviors and w £, w,  are high-
frequency cut-offs. A similar analysis to the classical case then leads to

We,r T < 2m, Vr,  w, T, < 2m, (57)
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YEo+ D> >1L,Vk 3.+ an+ag>1,Vr=r (58)

Obtaining plateau conditions for equation (56) requires more work. Using the periodicity of y, () over
T = M, we may rewrite

iMwT; —iMwT, iwT, —iwT.
iG@ - -G M eMh —e » — M (elwTe — eiwTp)
216, 7, (W, —w, T) =G (W, T) Gz, (~w, Tp) (eWT/2 _ e—iwTp/2)2
+ M2GY, (w, —w, Tp), (59)

which, however, includes contributions with an explicit linear M-dependence. Accordingly, G g} 7, (W, —w, T)
grows with M and, in the M — oo limit we are interested in, it diverges. One would like to show that under
appropriate symmetry of y, (t), and consequently of the FFs in each T}, interval, the terms linear in M vanish. As
it turns out, the displacement anti-symmetry comes to our aid here as well, leading to the desired cancellations,
as we show below. We stress that the linear M-dependence is a generic feature, and unless additional symmetry is
built into the applied control sequence, it necessarily leads to a divergence, forbidding the existence of a plateau
regime. For example, repeating a high-order multi-qubit NUDD sequence without demanding further structure
will not lead to a fidelity plateau in the presence of quantum noise, whereas a displacement anti-symmetry-
enhanced NUDD sequence will achieve it in principle, provided that the appropriate conditions are obeyed.

4.2.1. Two-qubit setting

To illustrate how the displacement anti-symmetry comes into play, let us analyze the two-qubit case first. Recall
that displacement anti-symmetry can be built into any control sequence by the construction detailed in
equation (46). The specific choice of base sequence depends on the noise model: as noted, in the presence of
time-dependent direct coupling multi-qubit high-order DD sequences, such as CDD or NUDD, are needed,
while if this coupling vanishes we may employ the more efficient multi-qubit sequences described in

equations (41) and (42). Regardless, imposing displacement anti-symmetry over T}, one finds that

GPw, Ty) = (1 — /%) GP(w, T,/2),
CPW, Tp) = (1 + 52 GP(w, T,/2),
2GR, (w, —w, T) = = 2c08wT/2) GL(w, Ty/)GH(~w, Ty/2).

Collecting all the terms proportional to M in equation (59) leads then to

W Tp W Tp einp _ efinp .
Gy |w > G| —ws > cos(wT,/2) — 2@ ) 2isin(wT,,/2) | = 0, (60)
which leaves us with
GO P — 6O TG0 . eIMWT, _ o—iMuT,
1 zf,Z,,(w, —w, T) = Z, (w, p) Z,w(_wy p) (ei“’TP/Z _ efi‘”TP/z)z
sin(MwT,)
=— GV, T,/2)GP(~w, T,/2) ——.
2, T/ DG, /2 sin(wT,/2)

By exploiting this structure, the relevant integral in equation (56) becomes:

© dw Qr+D/Ty o
[ TSP w) UG, (w, o, T) =20 > f 2 SPw) Gy 0, —, T)

r— oo 2r— D /T,
@r+ /T, dw sin(MwT,)
-y o g80) G (@, Ty/2) GO (—w, Ty/2) 2 M)
S Jer-ymym, 2w sin(wT,/2)
large M e — T, T,
T, o 27 TP Tp 2 T, 2

Assuming that equations (57) and (58) are satisfied, the two-qubit displacement anti-symmetry guarantees that
the contribution due to the bath-induced coupling term is finite, as desired, without imposing additional
constraints on the COs { oy, }.

To better appreciate the role of the plateau conditions in the presence of the quantum bath, consider two DD
sequences on which the displacement anti-symmetry is imposed:

CDD{%X)(T) = CDD{™ x CDD{™(T/2) X, (CDD{™ x CDD{(T/2))X,,
CDD{"*%)(T) = CDD® x CDD§(T/2) X, (CDD{™ x CDDS?(T/2))X,.
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Figure 7. Emergence of a fidelity plateau under sequence repetition in the long-time limit. Two DD sequences incorporating
displacement anti-symmetry are considered, Ul‘f’l(X"XZ) (T)and Ul‘f’z(xl’XZ) (T) (empty versus filled symbols), operating at different
minimum pulse intervals, 7 = 0.2, 1.0, 5.0 us. A purely Gaussian bosonic spectrum in the low-temperature limit is assumed
[coth(Bw/2) = 1], of the form SJ ,, (w) = 2me" 2w (w/w) 2O (Jw — we|), with we = 2710* Hzand #;, = 10~ 5. The fidelity is
calculated using equation (61), by averaging over 10° random pure initial states of the form [¥) = >2_ ¢, |a1ay), where for simplicity
we have assumed real coefficients ¢ = cosf, ¢ = sinf cos6’, c3 = sin @ sin 6’ cos0’, ¢, = sin 0 sin 6’ sin 0", with 6, 6" € [0, w]and
0" € [0, 27] uniformly random.
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Figure 8. Comparison between different protocols in achieving a fidelity plateau: non-selective control (UDD$1%2)( Tp), empty
symbols), sequences with mirror anti-symmetry (UDD §x UDD §2(T,,), filled brown symbols), and with displacement anti-
symmetry (CDD%X“XZ) (Tp), filled blue symbols). Only displacement anti-symmetry-enhanced DD achieves a plateau in the general
case (middle panel). The fidelity loss, calculated by averaging over 10° random pure initial states as in figure 7, is plotted as a function
of total time for the same Gaussian spin-boson noise spectrum S2 ,, (w) considered therein, for representative values of the transit
time # ». In each case, T}, is fixed by the choice of minimum switching time, assumed here tobe 7 = 1 ys, so that the appropriate
plateau condition is met.

Representative results for the fidelity behavior when these are applied to two qubits subject to quantum—
Gaussian noise with a sub-Ohmic spectrum are shown in figure 7, for a value of the transit time #,
corresponding to generic (neither collective nor independent) coupling strengths. For any two-qubit initial pure
state p (0) = |¥) (U|, the fidelity is computed as

F(T = MT,) = (Tp(MT)|T) = Ylp, , (0) e MW cos 6, , (MT,)], (61)
a,b

in terms of the appropriate decay and phase terms (see appendix A for explicit expressions). Only one of the
sequences satisfies the plateau conditions, and indeed the plateau is seen to appear only for such a sequence.
Also, notice that the value at which the fidelity saturates, i.e., the quality of the plateau, deteriorates as 7 (hence
T,) increases and approaches the upper bound imposed by equation (57).

Figure 8 further illustrates how the control protocol incorporating displacement anti-symmetry is also the
only one exhibiting model robustness, namely, the only one guaranteeing that the plateau may be achieved for
arbitrary spin-boson couplings. Specifically, a protocol with displacement anti-symmetry (built out of
U{f’z(xl’XZ) (T)), one with mirror anti-symmetry (built out of USXY x U (T)), and a non-selective control
protocol (UM% (T)) are tested against the same Gaussian noise spectrum of figure 7 for different values of the
transit time—equivalently, different spatial separation between the two qubits. In the f; , — oo limit, which

corresponds to private baths, all strategies work equally well, as expected. In the opposite limit of a collective
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coupling, f; , — 0, the non-selective control protocol fails to achieve a plateau since it cannot make
G ézb)zz(w, —w, T)finiteas M — oo.Inthe general case (0 < #, < 00), only the displacement anti-symmetry
enhanced protocol achieves a high-fidelity plateau.

4.2.2. Multi-qubit setting

In order to extend the approach to the N-qubit setting, the key step is to show that, once the generalized
displacement anti-symmetry introduced in section 3.3 is imposed, a cancellation analog to equation (60) holds.
Consider the terms proportional to M arisingin G 2) 7,(w, —w, T)for each qubit pair (see equation (59)), and
let max {7, £’} = ¢ withoutloss of generality. Since, for the matrix defined in equation (44),

PMN(£, s) = 8,1, toeveryqubit # > 1letusassociate Ny_; = 2N~(“~Dand intervals oflength 7, such
that 7,_N;_ = T,. By dividing all integrals into sub-integrals over length-7,_ intervals and using the

properties of PN (Z, s), direct calculation shows that for every # > ¢’ the terms linear in M reduce to

Ny_1—1lr—1
Gy (@ 720 GY)(~w, Tfl)[ 22 (= 1yl — (—1yelemnemy
r=1 s=0

Ny 1—1Ng-1—1 iwT, —iwT.
= = (einp/Z _ efinp/Z)Z

Consequently, forany £ = £/, we may re-express

o (1) W eiMpr _ efiMwTp
2Gy) ,, (W, —w, T) = G (w, T) Gy (~w, Tp) (TE oty
.. WwT;
—2i sin? (2) iMwT, —iMwT,
=GP W, 7 )G (—w, T-1) = e
Zy Zpt sin(wry_1) (e1pr/2 _ e*lep/Z)Z
sin(MwT},)
=— Gélf)(w» ml)ng(—w, )| ——— | (62)
sin(wty_1)

It then follows that the generalized displacement anti-symmetry guarantees that, in the large- M limit, any
contribution due to bath-induced qubit coupling

. dw _
2i f = SEAWGP, (@, —w, T)

Neoi & (=1 g f rw rw
= — Z Sf:f/ th,) > Tr—1 th,), — T—1)
I, = 2w Te—1 Tr—1 Ty_1

is finite. Thus, a plateau regime may still exist, provided that the conditions identified for the two-qubit case,
equations (57) and (58), remain valid. Remarkably, this result does not depend on the specific choice of base
sequence, but only on the displacement anti-symmetry, further highlighting its fundamental role in multi-qubit
control protocols for dephasing noise.

5. Further considerations

5.1. Controlled entanglement generation and storage

Quantum entanglement is a crucial resource for QIP and hence devising ways to reliably generate and store itis a
particularly important task. Entanglement may be achieved directly, via tunable or always-on couplings between
qubits or, if the latter are not readily available, indirectly, with the aid of a common quantum environment.
Various schemes for indirect generation of bipartite entanglement, as well as weaker quantum correlations
quantified by discord, have been proposed [28, 29, 44]. Once created, such quantum correlations have to be
stored (e.g., to be later used for quantum tasks of interest), and protected from unwanted decoherence. Several
ways to do this have been invoked, e.g., employing the quantum Zeno effect [45], quantum feedback [46, 47],
and DD control [48].

While the emphasis of existing work is on two-qubit settings and bipartite entanglement, the formalism
we’ve developed allows for the generation and storage of multi-partite entanglement with high-fidelity for an
extended time. Let us assume a multi-qubit Hamiltonian that includes classical and bosonic dephasing, as in
equations (2) and (3), with vanishing direct coupling, ds,»» = 0 = 7, , (or else one could just use that to create
entanglement), and no assumption on the initial bath state (in particular, no thermal equilibrium). Our
proposed strategy consists of two steps:
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Stage 1: Entanglement generation. This can be achieved by using M, repetitions, each of duration T}, ofa
high-order multi-qubit DD sequence such as CDD or NUDD without displacement anti-symmetry. In this way,
the contribution of all dephasing terms is suppressed to high order, except for the one stemming from the
induced coupling term—which grows linearly with M, (recall equation (59)). As noted, the induced coupling is
ruled by S gg(u}) and, as such, it does not depend on p, but only on the actual dephasing Hamiltonian, in
particular the spectral density function J (w). The fact that the protocol is independent of pj is an important
prerequisite for generating entanglement on demand, which may be achieved provided that accurate knowledge
of the relevant power spectra S ;,l;’ (w) is available. In principle, this may be obtained by extending noise
spectroscopy protocols for single-qubit [ 14, 49] and two-qubit classical dephasing [50] to general multi-qubit
dephasing [51].

Stage 2: Entanglement storage. Once the state of the multi-qubit system after time T, = M, T, is sufficiently
close to an entangled state of interest, we may switch to a DD sequence with displacement anti-symmetry, in order
to achieve protection for long storage times, say, T, = M Té, provided that the plateau conditions of
equation (57) are satisfied, and where we allow for the duration of the storage base sequence to differ, in general.
Basically, the displacement anti-symmetry acts like an on/off switch for entanglement generation. There is,
however, an important subtlety in the analysis that must be pointed out. In our derivation of the the plateau
conditions, we relied on the assumption that the initial joint state was of the form pg ® pp; this need not be the
case at the end of the entanglement generation stage, with pgy (T;) involving entanglement between S and B in
general (hence making p (T;) mixed). To move forward, it is necessary to re-examine the derivation when the
total evolution time T'is divided in two consecutive stages, without and with displacement anti-symmetry,
respectively. One can see that:

GY W, T)=GH(w, MyTy) + e“MBG (w, MTy),  Oa € {Z¢, ZeZp1),
2i G%),Zf,(wla w2, T) =2i G(sz))zf,(wl) W, Mg Tp) + 2i G(ZZK)’ZK,(WI) w2, Ms Tl;)
+ M G D (w, M Tp) G (wa, My Ty).

By using these expressions in equations (54)—(56), each product of FFs, say with k factors, becomes a sum of
products which are at most O(Msk). Since we showed that O(Msk ) terms are finite if the plateau conditions hold,
it follows that terms with lower order in M, are also finite.

By employing the above two-step control strategy, we can conclude that, for any finite number M, of
entanglement-generation cycles, it is possible to store the resulting multi-qubit entanglement with high fidelity
for an arbitrary number M of storage cycles, in principle. A number of important aspects require additional
detailed analysis—notably, the degree of purity and nature of the multipartite entangled states reachable over
time under the assumed dephasing Hamiltonian, along with consideration of relevant time scales and resource
scaling. While we leave this to a separate investigation, indirect ‘environment-assisted’ generation and storage of
multi-qubit states close to paradigmatic entangled states of interest (such as W and GHZ states) would be
especially interesting, and would complement ongoing efforts on steady-state entanglement generation using
engineered dissipation, see e.g. [52—54].

5.2. Realistic considerations

Itis important to note that, while the noise model assumed in equations (2) and (3) represents a simplified
version of the actual dynamics of any real quantum system, it does encompass dominant sources of decoherence
in a variety of systems of relevance to QIP. Classical fluctuations, like the one- and two-body stochastic processes
C,(t)and 1, . (t), provide an effective description of dephasing when the effects of back-action from the system
on the environment are negligible. In the simplest case, the noise takes the form of fluctuations in an externally
applied field, as it does for magnetic-field fluctuations in trapped-ions [55—-57], or in NMR qubits [58]. More
generally, solong as appropriate conditions are satisfied (e.g., effective high temperature), classical processes
may be used to approximate the dephasing effects of more complex interactions—ranging from background
charge, magnetic flux, and critical current fluctuations in superconducting qubits [59-61], to interactions
between nuclear spins and their surrounding spin environment in NMR [62], and interactions between singlet-
triplet electron spin states in quantum dots and, again, their surrounding nuclear-spin bath [41, 63—-66]. We note
also that control imperfections, such as fluctuations in the frequency of a master oscillator, often result in
effective dephasing that can be accurately modeled as classical noise [55, 67, 68].

The quantum contributions to our noise Hamiltonian describe a dephasing interaction between the multi-
qubit system and a bosonic environment of quantum oscillators. Such interactions, in the form of lattice
vibrational modes, arise naturally in solid-state systems. A prominent example is the coupling between excitonic
qubits in quantum dots and acoustic vibrations, which has been identified as the dominant source of dephasing
in this type of system [69—-73]. Even beyond oscillator environments, the linear spin-boson model has been
widely applied to describe open-system dynamics in situations where the system—environment coupling is weak
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enough for alinear approximation to be valid [74]. For example, the dephasing effects of current and voltage
fluctuations in Josephson junction qubits are accurately described in terms of spin-boson interactions [75].

Itis often the case that the noise is generated by a large number of independent, weakly coupled sources, and
can therefore be assumed to be Gaussian. Generic noise, however, is non-Gaussian; in particular, as mentioned
in section 4.1, the assumption of Gaussianity breaks down for qubits operated at an optimal point [43], as well as
for strongly coupled bistable fluctuators of the sort that generate 1/f in Josephson nano-circuits [42, 59]. For
quantum environments, both the initial state and the nature of the interaction with the system will determine
whether the noise is Gaussian or not [14]. In these cases, the interplay between generalized FFs and higher-order
noise spectra needs to be carefully considered.

Despite the broad applicability of the dephasing noise model on which we have based our analysis, it
necessarily neglects important aspects that will affect the evolution of the system in reality. In particular, it is
generally true that interactions between a quantum system and its environment will generate both dephasing
and relaxation effects, with associated characteristic time scales T, and T, respectively. The multi-qubit DD
protocols we have presented are designed to address dephasing effects only, and are therefore not expected to be
effective if ‘off-axis’ noise effects are significant over the desired storage time. In such cases, multi-axis DD
protocols are necessary to counter both dephasing and relaxation effects simultaneously, and it is an interesting
open question to determine the extent to which suitable variants of generalized displacement anti-symmetry
may possibly still prove beneficial. That being acknowledged, for most of the above-mentioned QIP settings, an
appreciable separation between dephasing and relaxation times exists (thatis, 7, > T5), and dephasing effects
provide the dominant source of error up to very long storage times. In these systems, relaxation will not be a
significant factor limiting the validity of our results, including those pertaining to long-time quantum storage
[17]. By contrast, if the dephasing noise is strongly Markovian, the lack of temporal correlations will limit the
usefulness of the proposed protocols. However, as already remarked in section 2.1, this holds for DD techniques
generally, and it is well understood that significant Markovian error contributions must be countered using
closed-loop quantum error correction strategies [1].

Even if the above conditions are obeyed, the simplifying assumption of the existence of a hard noise cutoft
w1, for each of noise spectrum frequencies w; , made in section 4.1, will hardly be met in realistic scenarios. The
purpose of this assumption was to avoid the singular behavior associated with the resonant frequencies defined
by equation (50). In the absence of these cutoffs, the contribution of any noise at these frequencies will be
amplified in a way that grows linearly with the number M of base sequence repetitions, ultimately making a long-
time plateau unsustainable. However, building on the quantitative analysis carried out for the single-qubit case
[17], if the the noise beyond the resonant frequencies decays sufficiently rapidly, one can expect the errors
associated with high frequency noise to grow slowly with M. As in the single-qubit case, we expect that this may
still allow for the maintenance of a fidelity plateau for storage times that are sufficiently long to be practically
useful.

Beside deviations from the assumed decoherence model, realistic control scenarios will inevitably face a
number of technological limitations and imperfections. While the precise nature and extent of the discrepancies
resulting from the simplifying assumption of perfect control resources we have made will depend on the
particular physical system being investigated, it is worthwhile highlighting those features that may have the
greatest potential to limit the efficacy of the proposed quantum storage protocols across all potential QIP
platforms. First, it is clear that any real control pulse has a non-zero duration. As a result, the application of each
pulse in a DD sequence will introduce depolarization errors, in addition to a purely dephasing effect. It will not
then be possible to describe the modulating influence of a pulse sequence in terms of uniaxial switching
functions of the form exemplified in equation (20), and, consequently, the Magnus expansion for the controlled
propagator U, (T) will no longer exactly truncate. Strictly speaking, although it is possible to design sequences of
finite-width pulses that achieve a non-zero CO [76], the (infinite-level-Magnus) FO ®[°°! of any DD protocols
for a two-axis decoherence model will be zero [19]. Generally, one may expect this problem to become more
significant as the number of applied pulses increases.

For short-term state preservation and relatively small numbers of qubits N, errors introduced by finite-
duration pulses need not be a major concern, as the low-FO contributions may be negligible, so that the
‘effective’ FO ®!*! for finite order x remains sufficiently high [19, 79]. For long-term memory and/or large N,
however, the accumulation of pulse-induced errors may significantly reduce the attainable fidelity and the
duration of any plateau. There are two readily apparent approaches to addressing this problem, which will likely
have to be used in tandem in practical dephasing settings. The first, and a motivation for this work, is to use DD
protocols that utilize the minimum number of pulses to achieve a desired level of error suppression for a given
dephasing environment and system size N. The second is to replace ‘primitive’ DD pulses with dynamically
corrected gates or composite pulses [7, 8, 77-79], so that error cancellation is maintained for the duration of all
pulses, up to a sufficiently high order. For single-qubit storage, this approach has been shown to successfully
counter pulse-width effects which would otherwise prevent or degrade a coherence plateau[17]. While a
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quantitative (numerical) analysis of a specific multi-qubit system is beyond our current scope, we expect similar
techniques to maintain their usefulness, with the caveat that different COs may be required for different qubits,
in order for the overall sign patterns required by displacement anti-symmetry to be maintained.

Lastly, another important source of control error arises from limited timing resolution and itter’. This may
take the form of imprecision in the timing of the individual pulses that comprise a DD sequence. As the analysis
in [80] implies, even when pulses are assumed to have vanishing duration, and imprecision is restricted to small
rounding errors in the timing of each pulse, the actual CO and FO will go to zero. For short-term storage, this
issue is most serious for optimized sequences, such as those based on UDD, which are known to be particularly
sensitive to pulse placement. For long-term storage, two main effects may be attributable to timing errors in the
multi-qubit case. The first effect, similar to the single-qubit setting analyzed in [17], is premature or belated
memory access time. The long-time memory protocols discussed in section 4 are designed to allow for high-
fidelity access to stored information only at integer multiples of the base sequence time, i.e., when T = MT,,
with access latency capped at T, < T'.Ifthere is some small timing offset 6t, so that T = MT;, + 6t, the sub-
optimal access time can have a similar effect on fidelity as pulse timing imprecision. The second effect, distinctive
of the multi-qubit scenario, is breaking the generalized displacement anti-symmetry that is necessary for a
plateau regime to exist. A full quantitative analysis of timing errors is necessarily highly system-dependent and,
again, beyond our scope. We nevertheless include in appendix B a qualitative analysis of symmetry-breaking
effects on plateau emergence, based on a timing error model which, despite its oversimplified nature, is
analytically tractable and captures the essential idea. Ultimately, as anticipated at the single-qubit level [17], this
analysis reinforces how it is essential that DD protocols, particularly those intended for long-time storage, be
clocked by high-resolution (sub-ps) timing systems with minimum jitter.

6. Conclusion and outlook

We have provided criteria for the design of effective and efficient control protocols for the preservation of
arbitrary multi-qubit states in a relevant class of dephasing models, that combines the effects of classical noise
and a linear interaction with a bosonic bath, not necessarily in thermal equilibrium. Under the assumption that
(nearly) instantaneous DD pulses may be selectively applied to arbitrary subsets of qubits, we showed that the
reduced dynamics of a multi-qubit system can be expressed in terms of a hierarchy of noise spectra—that
capture the statistical properties of quantum and classical dephasing sources in the frequency domain—and of a
small set of first- and second-order FFs—that the describe the modulating effect of the applied control. These
results allow for a relatively straightforward, exact characterization of the performance of an arbitrary DD
protocol in both the time and frequency domains, and serve as the starting point for the derivation of conditions
for the construction of resource-efficient high-order DD protocols.

Specifically, we showed that multi-qubit DD sequences may be constructed that are able to achieve high-
order error suppression using exponentially fewer pulses than the most efficient existing protocols, so long as
any direct qubit-qubit coupling is constant. This reduction in pulse number offers tremendous practical
advantages in terms of the required minimum switching time and the cumulative effect of pulse errors. The
improvement in efficiency derives from the property of displacement anti-symmetry with which the new
protocols are endowed. Importantly, through the imposition of this form of temporal symmetry, it is also
possible to ensure that a sequence achieves maximal filtering order in the frequency domain. This contrasts with
previously proposed multi-qubit protocols based on nesting and concatenation, for which maximum filtering
order cannot always be guaranteed.

We also demonstrated that the method of producing long-time quantum memory via DD sequence
repetition, described previously for single-qubit systems under Gaussian noise, can be generalized to multi-
qubit systems possibly subject to general non-Gaussian noise. For strictly classical, Gaussian noise on N qubits,
the conditions for engineering the required fidelity plateau are a natural extension of those derived for the single-
qubit case [17]. However, when a quantum spin-boson interaction is included, the fidelity plateau cannot be
maintained unless additional structure is imposed on the base sequence from the outset. We found that those
sequences possessing displacement anti-symmetry have the necessary structure and, therefore, can be used to
generate a fidelity plateau in a combined classical and quantum noise environment. On the basis of these
observations, we have outlined a simple switched control protocol for the the generation and storage of
entangled multi-qubit states.

The central role of that the displacement anti-symmetry plays in suppressing the effects of noise associated
with the genuinely quantum (non-commuting) nature of the bath points to its relevance for characterizing bath-
induced spatial correlations, along with their impact on the implementation of quantum technologies. By
comparing the response of two qubits to different control sequences, for instance, it is now possible in principle
to discriminate between a classical or a quantum bath with Gaussian statistics. This may have important
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implications for quantum verification and validation protocols and, ultimately, fault-tolerant quantum
computing architectures in the presence of bath-induced spatial correlations. While exploring the usefulness of
displacement anti-symmetry beyond the class of open quantum systems examined here is a natural direction for
further investigation, we anticipate immediate applications of our enhanced DD sequences in the context of
multi-qubit noise spectroscopy for correlated dephasing environments [50, 51].
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Appendix A. Controlled two-qubit dynamics under Gaussian dephasing

To exemplify the formalism presented in section 2.3, let us consider in detail a two-qubit system undergoing
stationary zero-mean Gaussian dephasing due to combined classical and quantum bosonic sources. With
reference to equation (25), the relevant generalized FFs are G 2) (w, T), G 2) (w, T), GZ% (w, T),and

G Z)Zz(w, —w, T). Theinteraction-picture two-qubit dynamics is given by
(PMDlg = 3 e N Dp o (©)la, @) (b, bal,

{anaz,b1,b2]a,b,=0,1}

where the decay and phase evolution are determined by the real and imaginary part of the noise second-order
cumulants, respectively. Specifically, the decay contribution includes all the classical-noise effects (equation (33))
plus, from the quantum noise, a contribution that it is identical to what one would find under a private-bath
assumption (first term in equation (34)):

2 2
—Xap(T) = (A[lal, 117, ,(T) + > _Alag, b C_’f(T)) + (ZA[W, bf]B_f’(T))

¢ . ¢ ;
Non-commutativity of the bath operators, [B, (t), Bz (¢')] = 0, is responsible for additional non-trivial phase

evolution in certain off-diagonal density-matrix elements:

[Bi(T), B»(T)]

i¢,, (T) = Allal, [b]] (Ri2(T) + Roy(T)) + Alay + by, ar + byl -,
=ig0 - &
=ig!

where |a| = Y, a, and we have explicitly identified two distinct contributions: (i) i¢?, resulting from the
second-order Magnus term; (ii) i, originating from the partial trace over the quantum bath. Thanks to the
bosonic algebra, and at variance with x,;, (T), (b“f’ (T) depends only on the Hamiltonian and not on py, (in
particular, ¢, (T) is temperature-independent)”.
The presence of the A[-, -] function in the above equations implies that not all noise sources contribute to
the evolution of a given density-matrix element. By making the following natural identifications,
- 5 1, - 1775, 5 5
—Xig,e = <77/1,2(T) ¢ (T)), “Xizi2 T 3 <77/1,2(T)77'1,2(T) ) —Xee = 3 (' (TY((T)) + (By (T)2>q’ and
“Xi2 = % 20" (TY{',(T)) + (Bi(T)By(T) + By (T)Bi(T)),, the decay pattern has the following form:
e Xizi27 X227 X122 e Xiz 2~ X1~ Xz, e X1~ X227 Xi2
e X127 X227 Xi22 . e*X1,1*X2,2+X1,2 e7X12,12+X12,1*X1,1
e Xap(D )
e X2~ Xz~ X1 e Xii Xt X . e X2~ X22T X2
e X117 X22 X1z e Xzt X1 T X1 e Xaze T XapH X122

where - stands for an identity action. While the diagonal entries (populations) are unaffected by the dephasing
noise, off-diagonal terms decay according to different controlled decoherence functions, in the absence of
special symmetries'’. Similarly, the phase evolution is not the same for all the off-diagonal coherence elements.

Classical non-Gaussian noise can also contribute to phase evolution, if odd-order cumulants are non-zero. For classical plus quantum non-
Gaussian noise, i.e., when high-order cumulants of B, (t), 1, » (t) and/or (,(t) exist, all factors in equation (32) may contribute to ¢, (t)
and itbecomes hard to isolate classical versus quantum effects.

107t easy to verify that, for collective dephasing, qubit-permutation symmetry implies that x; | = x,, = X;,/2,inagreement with
decoherence-free subspace theory[1].
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Rather, the diagonal and anti-diagonal entries do not exhibit phase evolution, whereas all other elements gain a
time-dependent phase according to the following pattern:

(0" =9)  oi(@"+h
e—i(@ =Y . : e—i(@"+h
e—i(@*+4h . : e—i@*—¢h [
el(@"+6)  ai(¢"—¢h

e 1% (D) ~

A paradigmatic situation is a pure Gaussian two-qubit spin-boson model under DD, in which case the classical
average in the above expression for x,, (T) vanishes and one has
X (T) = > Alag, by P (Bo(T))g + Alay, by1Alay, bil(Bo(T)Bi(T) + Bi(T)By(T)),

£=1,2

with single- and two-qubit contributions given by

_ © dw * dw
(Bo(T)?)g = —I - GPw, TGP (~w, T)SP,(w) = —2f0 - GO (w, TIPSEF (W), (A1)

(B2(T)By(T) + Bi(T)By(T))g = 2 j; N Czl—: Re[GY)(w, )G (—w, T)S; (W], (A2)

that is, they are determined by an integral of the overlap between a product of FFs, purely dependent on the
S B,+

control, and the noise power spectra S,//(w). Thanks to the stationary zero-mean assumptions, note that no
single FF G 2) (w, t) contributes to the reduced dynamics, but only G go) (w, TG élt,)(fw, T) = |G 2) (w, TP
Since the latter is an even function of frequency, rewriting the integral in equation (A.1) as one over the non-
negative axis makes it clear that only J (w)coth(8w/2) contributes. Similarly, the symmetry properties
highlighted in equation (15) allow one to cast the contribution to x,, (T) in equation (A.2) in a form where it is
manifestly real.

The two terms contributing to the controlled phase evolution i¢,;, (T') may likewise be expressed as overlap
integrals, except that the purely quantum noise spectra, S ,}3,’,/; (w), which arises from bath non-commutativity, is
the relevant one in this case. Explicitly

oy =—i [

—GY, (w, —w, T)SP (W)
—0o0 27'('

o0
-2 f ‘21—” Im[iGP, (W, —w, T)SE (W), (A.3)
0 T . ’

. 1 * dw _
i6!(T) =~ L GP(w, TGP (~w, TSP (W)

o
o
=i f ‘21—“ Im[GY(w, T)G(—w, TS (W), (A.4)
0 T ! ’

where we have used the anti-symmetry property of Sll?{( —w), given in equation (15), together with the
relationships

G2 (w, —w, T) = [iIGF(~w, w, DI, [GP(w, TGP (—w, I = G (—w, TG (w, T),

which follow directly from the definition. Written in the form of equations (A.3) and (A.4), it is manifest that
i¢%! are purely imaginary, as expected.

As anticipated, we remark that the special case of free dynamics may be recovered as a limiting case, by letting
the control switching functions y, (t) = 1forall £, ¢, which yields
2[1 — cos(wT)]

P, DGP(~w, T) = 6P (w, TGP (~w, T) = - )
wT — sin(wT)

wZ

2
G2y (w, —w, T) =~
One may then verify that our expressions recovers existing results obtained for both two- and multi-qubit free

spin-boson dephasing dynamics, see e.g. [22, 28].

Appendix B. Two-qubit fidelity plateau under symmetry-breaking timing errors

A qualitative understanding of the effect of timing errors on long-time multi-qubit storage may be obtained by
focusing on how they influence the underlying displacement anti-symmetry, and how the resulting deviation
from the ideal anti-symmetry condition may in turn affect the plateau. In order to isolate and analyze this effect,
we assume all pulses are perfect with the exception of the pulses that generate the displacement anti-symmetry.
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Consider, as an example, the use of CDD; on qubit one and CDD, on qubit 2 as base sequences. One can
generate a displacement anti-symmetric sequence U{f’z(X"XZ) (Tp) as described in the main text (recall in particular
equations (41) and (42)), by applying two consecutive CDD; sequences of length T;,/2 on qubit one, while doing
the same with CDD, for qubit 2, but conjugating the second half by an X pulse. In the ideal, error-free case, this
gives rise to the following control switching functions:

-

-1 for0<t<%,
—1 for0<r<? +1 for 2 < <32,
+ 1 for%<t<% —1 for3%<t<4%,
1) = 1 : ACES s s (B.1)
—1 for;"<t<37P + 1 for4?"<t<5§",
+1 for3T <r< T, —1 for5? <r< 77,
+1 for7%<t§TP.

Mathematically, the cleanest way to analyze the effect of a deviation from an ideal displacement anti-symmetry is
to introduce a timing error. We introduce this via a deviation from the ideal pulse timing which is a fraction ¢ of
the minimum switching time used in the sequence, i.e., the middle X, pulse inducing the displacement anti-

symmetry is applied ata time T,,/4 4 ¢ X T,/8. Under this error model, the control switching functions
become

-

—1 for0<t< %
T; T,
—1f0r0<t<f +1f0r?"<t<3;
+1for£<t<£ —lfor3£<t<Tp(l+£),
. 4 2 - 8 2 T
() =1 . o R0 = o ; (B.2)
—1 for® <r<32 +1 for (5 + &) <t < 5L,
+1 for3” <r< T, ~1 for52 <t<7,
+1 f0r7%< t< T,
“
which can be more compactly rewritten as
)71(t) - }’1(1‘)>
7K =@ — 200 — T,/2)0(T,/2 + 6T,/8 — 1),
where, as in the main text, © () denotes the Heaviside step function.

Itis then possible to rewrite the relevant equation determining the emergence of the plateau including
quantum bosonic noise (equation (59) in the main text) by using the noisy filters, thereby computing the
corrections induced by a non-zero ¢. One finds then the noisy FFs

(1) (1) N
( W, T) ZZ (w) W, T);
(1) £ LD -
V@ T) = F@, —w, T+ 21 77 ds e,
(2) )
Fz 7w, —w, T) = FZ1 Zz(w, —w, T)
+ Zf dslf1 dsy y,(s) e @20 (t — TP/Z)G(TP(AT;—&)),
0 0
(2) ) _ P iw(s1— 52)
22 Zl(w> —w, T)= FZ Zl(w’ w, T) + 2 d$1 dSz N (sp)e
T,/2
which can be combined to obtain the following expression, up the leading-order frequency contributions:
62T2 N
2G5, (w, —w, T = MTy) = 2iG D —w, T) — rairyel ha O(w?), (B.3)

from which the noisy version of equation (59) follows. The effect of such timing errors is illustrated in figure B1 ,
for the same two-qubit system and low-temperature Gaussian bosonic spectrum analyzed in figure 7 of the main
text. As one may expect, in the presence of such errors (and qualitatively similarly to the effect of other control
imperfections [17]), it is no longer possible to generate an indefinitely long fidelity plateau. Indeed, for violations
of the anti-symmetry condition that are relatively large compared to the relevant switching time (6§ 2> 10%), it
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Figure B1. Effect of timing errors on the emergence and duration of a fidelity plateau for two qubits, under the DD sequence
Ul’f’z(xl’XZ) (T) incorporating displacement anti-symmetry and operating at minimum switching time 7 = 1.0 ys, as considered in
figure 7 in the ideal case § = 0 (filled brown symbols). The behavior for increasing error parameter ¢ is shown, corresponding to a
stronger breaking of the displacement anti-symmetry.

becomes difficult to identify a plateau at all. For sufficiently small violations, on the other hand, it is still possible
to engineer a clear plateau that can be sustained for a significant number M of base-sequence repetitions. Thus,
while the magnitude of any control errors plays an important role in determining the viability of an extended
fidelity plateau, the mere existence of such imperfections need not, in itself, prohibit the generation and
maintenance of a practically useful long-time quantum memory. As stressed in the main text, these results
underline the need for high-precision control engineering in QIP.
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