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Abstract

The method of quantization of magnetic monopoles based on the
order-disorder duality existing between the monopole operator and
the lagrangian fields is applied to the description of the quantum mag-
netic monopoles of ‘t Hooft and Polyakov in the SO(3) Georgi-Glashow
model. The commutator of the monopole operator with the magnetic
charge is computed explicitly, indicating that indeed the quantum
monopole carries 47 /g units of magnetic charge. An explicit expres-
sion for the asymptotic behavior of the monopole correlation function
is derived. From this, the mass of the quantum monopole is obtained.
The tree-level result for the quantum monopole mass is shown to sat-
isfy the Bogomolnyi bound (Myen > 47?%) and to be within the range
of values found for the energy of the classical monopole solution.
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1) Introduction

A few years ago a general method of quantization of nonabelian magnetic monopoles was
established [l] by exploiting the general fact that the operator which creates the topological
excitations of a certain theory must also be dual to the basic lagrangian fields (in the sense
of order-disorder duality) [B]. This method of quantization has been applied to a variety
of systems containing topological excitations in two, three and four dimensional spacetime
@, 8 B

The nonabelian monopoles are topological excitations which occur when a nonabelian
symmetry group (with compact covering) of a gauge theory is spontaneously broken down
to a U(1) symmetry. The topological charge of the monopoles is the abelian magnetic charge
corresponding to the unbroken U(1) [A]. As a consequence of the fact that monopoles are
topological excitations appearing in a process of symmetry breakdown, it can be shown
M, B that for groups with a compact covering, the quantum creation operator of magnetic
monopoles is the disorder variable for the phase transition in which the Higgs field develops
a vacuum expectation value and thereby generates a mass to the gauge fields. In a Higgs
phase, where (¢) # 0, we must have the vacuum expectation value of the monopole operator
(1 operator) (u) = 0. This automatically implies that p creates states which are orthogonal
to the vacuum, i.e., nontrivial states [J. An explicit expression for the monopole operator
in terms of the basic lagrangian fields of the theory is then constructed by imposing that it
must satisfy an order-disorder algebra with these fields. Also a general expression for the
correlation functions of these operators is obtained as an euclidean functional integral over
the lagrangian fields by generalizing the methods first introduced by Kadanoff and Ceva for
the description of correlation functions of disorder variables in the Ising model [§.

In the present work, we consider the magnetic monopoles of the SO(3) Georgi-Glashow
model. We take the expression obtained in [[]] for the quantum operator corresponding to
the classical monopole solution and evaluate the long distance behavior of its two point
correlation function by using the functional integral methods developed in [[l. We show

that this correlation function decays exponentially and from its explicit expression the mass



of the quantum monopole is obtained. The result generated in the lowest order in a loop
expansion is found to be in agreement with the Bogomolnyi bound [[], Mmon > 4%2% (M is
the vector gauge field mass), for the value of the classical energy of the monopole solution.

In a recent publication [[] we performed the analogous computation in the case of vortices
in the Abelian Higgs model in 2+1 D. There we also have found that at the tree level the
quantum vortex mass coincides with the classical vortex solution energy, as obtained in [f,
for example.

The quantum description of the excitations belonging to the topologically nontrivial
sectors of the theory is of fundamental importance in order for a complete understanding
of the system to be achieved. The obtainment of monopole correlation functions, is a basic
step in the fullfilment of this goal. It would, on the other hand, be extremely interesting
to investigate how much important are the quantum properties of monopoles in physical
processes like the eventual monopole production in the early universe or in the catalysis of
baryon decay [[]. We envisage these processes as interesting potential fields of application
of the results of our work.

The organization of the paper is as follows. In Sec. 2 we give a brief description of the
method of quantization of monopoles introduced in [ll. In Sec. 3 we implement the intro-
duction of the external field in the functional integral describing the monopole correlation
function, which is one of the key features of the method. In Sec. 4 the mass of the quantum
monopole is obtained inlowest order in a loop expansion. The conclusions are presented in

Sec. 5. Four Appendixes are included in order to demonstrate useful results.

2) The Quantization of Magnetic Monopoles

In this section, we are going to review the method of monopole quantization introduced
in [l. We also evaluate the commutator of the monopole operator with the magnetic charge
and prove its nontriviality.

Let us consider the SO(3) Georgi-Glashow model, given by

1 1 1 A
£ = —3Ga, G + (D) (D"0)" — Smge" — J(6"0"). (2.1)
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Throughout this work, we are going to use the adjoint representation where the generators
of SO(3) are (T%)* = ie® (a,b,c = 1,2,3), [T, T = ie®°T¢, trT*T* = 25%. Then, the
Higgs field belongs to an isospin triplet ¢* (a = 1,2, 3) and

G, = 0 W — QWS + ge ™ WIW
(D))" = 06" + ge™ Whoe (2.2)

where g is the charge coupling constant. The model can exist in two phases according to
whether m? > 0 or m? < 0. The first one is the symmetric phase and the second one is the
“broken” phase where the Higgs field acquires a vacuum expectation value |[(¢%)| = o =

(|m?|/A)'/2. The theory possesses an identically conserved topological current which can be

written as
1 o°
Jh = —eteby, l o ] . 2.3
2 drz 2
By introducing the electromagnetic field
ot 1 ¢
F¥ =G — = —trG,,— , 24
ol ~ 2" o 24

where G, = G, T W, = WiT® and ¢ = ¢*T" we immediately realize that the topo-
logical charge density J° = %eijk&-ij =V-Bis precisely the magnetic charge. Observe
that the electromagnetic field F),, is gauge invariant: under g(o) = exp[ia®T®], we have
Gu = 9Gug™" and ¢ — ghg™".

It was shown by ‘t Hooft and Polyakov [f] that in the broken symmetry phase the
theory admits classical finite energy solutions carrying a magnetic charge 47/g. The clas-
sical mass (energy) of the magnetic monopole solution was computed to be [, [T, []]
M = f (g%)élﬁg% where the pure number prefactor, f (g%), depends on the coupling con-
stants ratio A/¢g? (f(0) = 1 and f(oo) = 1.787 [[I]]). The monopole solution has
the asymptotic behavior given by a nontrivial gauge transformation out of the vacuum

P8 = oo, Wi, = 0: )
¢ (z) T~ Pory = Pog(w)®® (2.5)



or

Wi = WiT" = —=0,g(w)g ™ (w). (2.6)
g
where g(w) is an SO(3) matrix with parameters given by [fj
0 .
w=w |0 tan 3 ’ sin ¢ ’
\/sin2 ¢ + tan? 2 \/sin2 ¢ + tan* £
0
w = 2arccos | cos ¢ cos 5] (2.7)

The electromagnetic field associated with the asymptotic configuration, (2.5) and (2.6),

18

. y 1 .., oF
Fam=0 5 Fin="e" ey (28)
g |7
Since for the vacuum F* = 0, we see that under the transformation g(w),
v S o (2.9)

The dual algebra which the magnetic monopole operator must satisfy is related to the

above asymptotic solution [

ai v | 9@z, S) . geVi(S)
“@ﬁW@”—{wwmuﬁ>, TG (210)
() = [I@OWi)g 7 (@) = 20ig(w)g ™ (@)] ulz, S) . G € Vi(S)
p(z, S)Wi(y) { Wolo)u(z.S) . 72VAS). (2.11)

In the above expression S is a sphere of radius p, centered on ¥ and V,(S) is the volume
R3 — T'(S) where T'(S) is the spherical volume bounded by S (Figure 1). Observe that as a
consequence of the above algebra, y is in principle a nonlocal operator depending on S. A
local pt can be obtained in the limit when p — 0.
An operator realization for p can be obtained by using the external field [[I]
1

Ay (2 2) = A%z 2)T" = - / gy PG (€= )0z — Ol (2.12)

In terms of this, we can write the monopole operator as [[]
w(z; S) = exp {;/d‘lztr[DuG‘“’fL(z; x)]} ,

bt



p(x; S) = exp {—i/d4z[DHG“”]“AZ(z;x)} : (2.13)

Also, using the Yang-Mills equation
[DHGuu]a :gjua = geabc[Du¢]b¢c’ (214>
we can write the p operator as

w(z; S) = exp {—ig/d‘lzj““ﬂfi(z;x)} . (2.15)

As is shown in [[] these expressions for p satisfy the dual algebra (2.10-2.11).
We can also compute the commutator of the monopole operator with the magnetic charge.
Let us consider the local case in which the radius of the sphere S goes to zero. Using

(2.10-2.11) or the more convenient form (for p — 0)

(), ¢ ()] = (6"(y) — 6(v)) nlx) (2.16)

it is easy to show that

(), G5 ()] = (G5 (y) — G35 (w)) plx) - (2.17)

In the above equations, O is the g(w)-transform of @. Using (2.16-2.17) it is straightforward
to show that
(@), Fu )] = (Fuw(v) = Fuu(v)) () . (2.18)
or
[,u(x), F,uu(y)] = Fﬁonﬂ(x) ) (2'19>
where we used (2.9). The commutator of p with the magnetic charge (topological charge)
density is now immediately seen to be
(1), 1@)] = — 20 Fron(y) () = —292,) | —— | pl(e) = %@ — Pu(a)
’ 2~ R g W77 g
(2.20)



This result shows explicitly that the operator p does indeed carry 4w /g units of magnetic
charge.
In ref. [[[] a gauge equivalent form of the operator p was used. Consider the set of

parameters of an SO(3) transformation given by
w* =0 (—sing,cos¢,0). (2.21)

g(w) shares with g(w) the property (2.5), that is,

(@) = = (2.92)

7]
On the other hand, if we consider the configuration W; = —é@ig(w) g ' (w), it follows that
it must be gauge equivalent to W;, Eq. (2.6), because both are gauge transforms of the
vacuum (W;, = 0) [l This means that W, = hW;h~! — g@ihh_l, where ¢(@) = hg(w) and
h“b%‘ = % Another consequence is that the field intensity tensor configuration associated

with W; must be related to the one associated with W; as G, = hG,,h~". It follows that
the electromagnetic field obtained out of the vacuum (F'* = 0) by g(w) is

(@ 1 —-17 1 n mon
F,=0% ShGu ™6, = StGlud, = ™ (2.23)

where F is given by (2.8), ¢2 = 2°/|Z| and we have used the cyclic property of the trace
as well as the fact that ¢® is invariant under h (or h™'). As a consequence of (2.23) and
(2.18-2.19) it follows that the operator u constructed with @ bears the same magnetic charge
as the one constructed with w. The operator u(@) is gauge equivalent to u(w). Troughout
this work, we are going to use the operator u expressed in terms of W because of its more
convenient form.

The monopole operator p is in principle nonlocal because it is defined on the volume
(tridimensional hypersurface in four dimensional space) V,(S). A local operator, however,
can be obtained by the introduction of an appropriate renormalization factor [l and by

taking the limit when p, the radius of S goes to zero. When computing correlation functions

4One of the authors (E.C.M.) is grateful to A. di Giacomo for calling his attention to
the fact that the field configuration W, obtained by a gauge transformation of the vacuum
with g(@) is not identical to the one obtained with g(w).
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of p, this is naturally done within the euclidean functional integral framework, by treating
i as a disorder variable and imposing hypersurface invariance on the expression for the
correlation functions []. The hypersurface dependent renormalization counterterms appear
then as self interactions of the external field A, (z; ). Here we reproduce the final results for
the hypersurface independent p correlation functions and refer the reader to [[[] for further
details. The p two point correlation function is given by (Euclidean space)

(w(z)pi(y)) = lim Z_l[O]/DWquﬁDnDﬁeXp{—/d‘lz [—%tr {Gu W, +

p—0

b A lf 3D (DR + V(0 + Lar + La] | (220

In this expression A, (z;2,y) = A, (z;2) — A,(2;y), where A, (z; x) is given by (2.12). L

and Ly, are the gauge fixing and ghost terms, respectively and 7 and 7 are the ghost fields.

As is shown in [, the above expression is hypersurface invariant and therefore local as a con-

sequence of gauge invariance (or BRST invariance), because we can change the hypersurface
V:(S) by means of a gauge transformation.

By making the change of variable W, — W, — A“(z; x,y) in the above functional integral

we immediately obtain the equivalent form for the p two point function:

(o)) = i 27 00) [ DW,DoDDRexp {~ [ d'= [~<tr{Guu
b 3B (D) + V(6) + Lar(We — Wi — Al)+
+ LW — W — A}, (2.25)

where f)u =10, —ig {WM — flu(z; x, y)} By dropping the renormalization self interaction
terms of the external field from (2.24) and (2.25) we can immediately recognize the ex-
pressions (2.13) and (2.15), respectively, for the monopole operator p. These expressions
are going to be our starting point for the obtainment of the long distance behavior of the
monopole correlation function and mass. The great advantage of them is that their compu-

tation reduces to a standard computation in a field theory in the presence of the external

field A,



3) Introducing the External Field le(z) in the Broken
and Symmetric Phases

In this section we study the introduction of the external field le(z), used in the description
of the magnetic monopole correlation function, in both phases of the SO(3) Georgi-Glashow
model: (a) the symmetric phase, with the mass parameter in (1) m? > 0 (with (¢) = 0,
for the vacuum expectation value of the Higgs field); and (b) the broken phase, with mass

parameter m? < 0 ((¢) # 0).

3.1) Broken and symmetric phases

In the symmetric phase the Lagrangian density, £, is just given by (R.I)) and there is no
need to make any shift in the Higgs fields around the vacuum. In the symmetric phase we
have only to add to (]]) a gauge-fixing term L along with the corresponding ghost term
L. For the gauge-fixing term, we may choose a Lorentz-type gauge. Then, we add to (£.1),

in the symmetric phase, the terms

§
‘CgF = _5 (a“W;L)2 9

Egh — _T—]a (5ab|:] o ggabcaum/ﬁ o ggabcwﬁau) nb 7

where n® are ghost fields and ¢ is the gauge parameter.
In the broken phase, m? < 0 in (271]), the potential V (¢%p?) = mTzap"ap“ + 2(¢"")? has

2

_ |m?]
0’ D)

a minimum at (¢%p®) = @2, with <p§ . Choosing the vacuum pointing along the third
isospin axis, that is, ¢* = ¢,0%% and shifting the fields around this value, we see that the
physical fields will be given by (¢1, ¢2, ¢3) — (P1, @2, X), With x = ¢35 — ¢,. The Lagrangian

density in the broken phase is then given, after shifting, by

1 1 1
LV = GG+ g (Butr)” + (Bu0r2)’] + 2 (020 = mix] +



D [OW22 + (W2)2) 4 M (W5 D) — WE@u)] + 0 W (0 — O+

W (XOup1 — 010,x) + WE (10,02 — ¢20,61)] +

: [(WE)2(@” + X + 20,%) + (WE) (87 + X7+ 200X) + (W) (6] + 63)| +
[(WEW3) 12 + (WTWE) (D1 + @, ¢1) + (WEWE) (dax + @, ¢2)] +
(6 + 62+ (0o +%07)" (3.2)

|
S I

where, in the expression above, m? = 2Xp? and M? = g*¢2. The fields ¢1, ¢, and x have
zero vacuum expectation value. In the broken phase we choose a R; gauge (or 't Hooft
gauge) [[3], where the quadratic mixed terms involving (W,¢) in (B3) disappear. In the

broken phase we have then for Lgp and Ly, (adjoint representation) the expressions

M 2
‘C(B;F = _g l&’uWﬁ + ?€ab3¢b‘| ,
(3.3)
2
551 — _ﬁa 5abD _ ggabcauwﬁ . ggabcwﬁau + <%¢3 + MT) (5ab . 5a35b3)] nb )

From Eqs. (B.J]) and (B.), the effective Lagrangian density in the symmetric phase is
then given by L3y = L%+ L2 + L3, while in the broken phase, from Egs. (B2) and (B3),
the effective Lagrangian density is L = LP + L&z + L. From the quadratic terms in
L% and LB, we obtain the respective propagators for the fields. In Euclidean space these

propagators are

Agy(2) :/@ﬂﬁ e =12

a1 (€ — kAR
n% — v — ik.x (2
Di(w) = Diy(x) /(27T)4€ 521 M2 (5 24 M? )

Y | L (&= 1)krEY
Dé)(x) :/ et —(5“ _E DR ) ,

et B e
, d*k . 1
A :/ ik ' —1.2.3 3.4
gh(x) (27T)46 kz"'_méh(i)’ t y 4y O (3.4)
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where A (x) are the propagators for the Higgs-field components, ¢1, ¢ and ¢3 (x in the
broken phase), Dé‘a") (z) are the propagators for the gauge fields W¢ and Agg(x) are the

propagators for ghost-field components. In the symmetric phase we have M = 0 and
2 _ M? 2 _ .2

m; =m? and my, =0 (i = 1,2,3). In the broken phase we have m} = mj3 = 7=, m3 = m;
—m2 =M
and mgh(l) = Mgn, = ¢ and mgh(3) 0.

3.2) Introducing the external field in Loz = £+ Lar + Lon

As shown in Sec. 2, the two-point monopole correlation function (uu') is given by Eq.
(2.24), or, through a change of functional integration variable, W, — W, — A,, by the
equivalent form given by Eq. (.25). We are going to use Eq. (R:23) for the evaluation of the
two-point magnetic monopole correlation function. Let us write the exponent in (B.25) as
Seg = [d*z {Egc}ld + Eeﬁ‘(ju)}, where ﬁeg(flu) contains all the dependence on the external
field A, (z;z,y).

In the symmetric phase, from Eqgs. (B.1), (B.1) and (R.25), we obtain that (in Euclidean

space)

ZSH(A;L) _ abcAb¢ca ¢ + g2AaAa b¢b - 92AZW5¢b¢b+
~ o~ ~ \2 ~
- §g2AZAZ¢“¢b+ g2Azwg¢a¢b+§ [(@Afj) — 20, A9, W"| +
+ 7t (g0 AL, + ge* A0 ) (3.5)

while in the broken phase, from Eqs. (B.]) and (B-3), we obtain (in Euclidean space)

oy =L [(A“) —2 AW+ () - 2/t5w;} — g [AY (620X — XOuho) +
Ay <xau¢1 = 010,x) + A (010,02 — 620,01)| +
(AR — 24007 (6347 +2000) +
(A5 A5 — 2A5W8) (67 + x* + 20,x) + (A5 AL — 245W8) (67 + 03) +
— 2 (AYAG — ASWE — AEWT) digo — 2 (ALAL — ASWY — ASWE) (drx + p1) +

oS
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— 2 (ALAL — AW — AEWY) (dax + po02)| + g [(aﬂg)z — 20, AL0,W!| +

+7" (ge 0" As, + ge Ao (3.6)

From Eq. (B.I3) and the expression for the function w® = w*(Z — 7), Eq. (B.21)), since
(2 —7) = 0, we have A4 (z;x,y) = 0 in Egs. (B-3) and (B:0). From L£35(A,) and L5 (A,),
we may extract the Feynman rules involving the external field. For example, at the tree-level

order the relevant vertices are shown in Fig. 2.

4) The Monopole Correlation Function and Mass

4.1) The contribution at lowest order

Let us consider in this section the evaluation of the magnetic monopole two-point correla-
tion function. Our starting point will be expression (2.25), as introduced in the last section.

From (2.25), we can immediately see that

(u(2)u! (y)) = exp {A(z —y)} (4.1)

where A(x — y) is the sum of all Feynman graphs with the external field .[l/‘j(a x,y) in the
external legs.

In order to evaluate A(z — y) we are going to use a loop expansion. In this work, we
obtain the 0-loop result. In a forthcoming publication, we intend to consider the one-loop
correction to this result [[[7].

We will be interested in the large distance behavior of (4.1), namely, when |¥ — ¢| — oc.
As we show in Appendix A, only two legs graphs contribute to A in this limit. At 0-loop
level, the two legs graphs containing the external field flz are depicted in Fig. 3. Observe
that the three last graphs of Fig. 3 only occur in the broken symmetry phase where the
Higgs field possesses a nonzero vacuum expectation value ¢, and the gauge field acquires a
mass M = gy, through the Higgs mechanism. In the symmetric phase, the contribution to
A(x — y) is given only by the first two graphs of Fig. 3. The sum of these graphs, in the

symmetric phase, is easily seen to vanish by using the gauge field propagators given in Eq.

12



(B.4). This result immediately leads us to the conclusion that in the symmetric phase, where

¢, = 0 and the additional graphs are absent, A(x —y) — 0 at large distances, implying that

(@)t (y)s "L (4.2)

This result implies that () # 0 in the symmetric phase expressing the fact that the p oper-
ator does not create states orthogonal to the vacuum not being, therefore, a truly monopole
interpolating operator in this phase. This is an expected result in a phase where no classical
monopole solution exists.

In the broken phase (m? < 0), from the graphs in Fig. 3 and the vertices in Fig. 2, we

can write explicitly the asymptotic contribution to A(x — y) as

2
AN (z—y) = Z/d‘lzd‘lz’AZ(z;x,y) [—g&ud’jé‘l(z -2+
a=1
¢ B M? 4 2
+ gauaaﬁﬁaf,D(a)(z —2) - 75 (2= 2) = EM70,0, D (2 — 2')+
M* ~
b Dl ). 43)

where D/()(z) is the Euclidean gauge propagator given in (B.4). Substituting Dy (2) in B3,

we get the result

2 ~
A (z —y) = _MT /d4zd4z’AZ(z; z,y) [—O0" + HO| F(z — 2") AL 2, y) (4.4)

where

F(z—2) =

Ak 6ik-(z—z’)
/ (2m)* k2 + M2~
Observe that all the dependence on the gauge parameter ¢ cancels and therefore ([[4) is

(4.5)

completely gauge independent.
Let us observe now that in the adjoint representation, in which we are working, the

internal indexes of @® (remember we are using the external field Eq. (2.12), with @ given

13



by Eq. (2.21)) or flz are of the same type as the spatial indexes. Since the spacetime index
w of flu is always temporal because of our choice of the hypersurface V,.(S) and since the

indexes of w* are always spatial, we can write (4.4) as

2 ~
AN (z—y) = —MT / d*zd" 2 A (2 2, y) {—D(é‘“’éo‘ﬁ — OHPEYY) + 5P —
5V’ — 5O 0” + 5‘“’80‘86} F(z—2)AB (2, y) . (4.6)

In order to write the last term between brackets in the above expression, we used the fact
that V-w = 0. In Appendix B it is shown how to integrate by parts the derivatives 0“ and
0% in order to make them to act on the @’s of the external field ftu.

The expression between brackets in (4.6) can be written as

prvaB _ e“apoageyﬁf»‘ﬁﬁ\ . (4.7)

Inserting this in (4.6), integrating by parts 0, and 0} (see Appendix B) and eliminating the
d-functions appearing in the external fields, Eq. (B19), we obtain

A (x —y) = Z)\)\/ d3¢, e 0 £— 7 / d*n, 6”5”)‘0 0P (i — &) x
i,j=1

< o (v ) [k e _y‘smk‘g_m (4.8)

2mzs @) M2 RS- | '

where 1 =z, 19 =y, Ay = +1, Ay = —1. In the last expression, we also made the angular
and k* integrations in F(¢ — ), Eq. (4.5). Now, from our choice of the hypersurfaces V,,,
the indexes p and v in (.§) are temporal (1 = v = 0) and then we get

ASY (1 — ) Z A / &€ [V o) x w]l/ &y [V x @™ x
2] 1 Ty
» 6lm ]_ (_v2 ) /OO dke—\/ k2+M2|-’E4_y4‘ Sin k‘|g_ /)7| (4 9)
(2m)2t @7 fy M2 kiE—q | ’

14



Let us now make use of the following identity

in k| 1— klz l,.m in k|7
5im 5B | 7] :8l8m< cos \:c|> L (sm |Z| —k;cosk:|f\> . (4.10)

7] k 72\ |7

Inserting this identity in the last term of (4.9), we get two terms: A; and As :

_ M- . e
Ay = 292”21M/ &€ [V (o) x @] /szdn[v(n)m] y
1 ) 0o e~ VERHM2|zt—yt| oo 1—COSk‘|g—ﬁ| .
{(27?)2(_v(5)>/0 dk k2 + M2 %)y k2|£—*_ i €= (4.11)
and
Ao = 292 ZIM / eV Xw]l/v.dgn Vi > @)™ x
1,] ‘CJ
Lt 52 [t e VAP (E— i) (€ — )™ (sink|€ — 7
(27)2 ©/ J, V2 + M2 KIE— 2 e
— keosklg )] . (4.12)

In the next two subsections, we are going to evaluate the contributions of each of them,
respectively, to the long distance behavior of the magnetic monopole correlation function

and mass.

4.2) The A; term

Let us consider here the contribution of (I to (4.9). The derivatives OL9f" = —dLo)"
can be made total derivatives, because of they are contracted to rotationals. Then, using

Gauss theorem we can write

2 —

. M _' — — m
Ay = lim —— Z A\ j{ PV Ve x B(E — x)]lfs_ P VE [V x D0 — y)™ X

proo 292 i#551,7=1
1 — cosk|Z — ¢ 7 — g
‘ .

% 27r / V2 + 2( k2|2 — 4]
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In order to get (4.13), we integrated by parts the remaining derivatives in (4.9). We can
show that the extra terms vanish in the limit p — 0 (see Appendix D). We also considered
x* = y* which correspond to taking the correlation function at equal real times when we
make the analytic continuation back to Minkowski space. Observe that we already made
5: Z and 77 = ¢/ in the last part of the integrand. This is true in the local limit p — 0. The
additional terms in the Taylor expansion around ¥ and g vanish in this limit. We have also
dropped from (4.13) the unphysical self-interaction terms with ¢ = j. These can be absorbed
by a multiplicative renormalization of u.

Remember (4.13) is actually valid only in the large distance limit (|Z — ¢] — oo) since

we are considering only the two-leg graphs contribution. Using the fact that

Y 1 — cos k|Z|
im | ————
k2|

we can easily perform the k-integral in (4.13). The surface integrals in (4.13) are evaluated

] = mo(k) | (4.14)

|Z]— 00

in Appendix C. Combining the two results we get

™ M
AN=——7—1]. 4.1
1 329 |ZE | ( 5)

4.3) The A; term

Let us consider now the contribution of ({.13) to (4.9). Using the identity

sink|Z]  1_,|1— cosk|Z| 1 .
= — ————— | — =kcosk 4.16
S [ ] Scostal, (4.16)
which can itself be obtained from (4.10), we may write
M2 2 .
ho= 5 > A/\/ PV [V e x T(E — ) / V[V x D — )™ X
i#51,7=1
L E=nE—n" / 1v2 1—cosklg — ] |
ek Z
3 -
— Scosklé- ﬁ|]} . (4.17)
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Let us observe now that since £ = Z+7 and 77 = y+7', where 7 and 7/ are the integration

|Z— y\—>oo -
|¥—¢]. As a consequence, we conclude that

variables in d3¢ and d3n, we have |€ — ]|
we can already take the limit in which the argument is large in the term between brackets in
(4.17). The last term between brackets will vanish because of the Riemann-Lebesgue lemma.
The first one will not because of the singularity at & = 0. In Appendix D we show that

(4.17) can be put in the form

M2 2 . - _ i
A NP PR §, PEV Vi xBE 2 EalVE Vo) x 30— ) x
1#£j50,j=

1—cosklZ—9||, . .
| 1| vl . (4.18)

b e e

The k-integral can be made as before. The surface integrals are evaluated in Appendix C.

The result for Ay is the same as for Ay, namely,

7 M
No=—|F— 4. 4.1
2= 5l (119

4.4) The 0-loop result

Collecting the contributions from A; and A, to the large distance behavior of the magnetic

monopole two-point correlation function, we find

N M
((x)p'(y)) = — exp{——=—[T -yl . (4.20)
From this result, we can infer the value of the mass of the quantum monopole at the tree-level:
4
O (7T_)47TM _1 47rM.
mon 64 92 92
We see that this result is in agreement with the classical mass of the monopole which is

found to be in the range (1 <> 1.787) 4’;‘4 [Ld, L.

(4.21)
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5) Conclusion

The method of quantization of magnetic monopoles, based on the order disorder duality
which exists between the monopole operator and the lagrangian fields, proves to be very
convenient because of the fact that the evaluation of monopole operator correlation functions
reduces to a standard computation of quantum field theory in the presence of an external
field.

Our zero-loop result for the monopole mass falls in the range of values which are obtained
for the classical mass [[]]. Note however that even at the level of our zero loop computa-
tion we are effectively taking into account nontrivial quantum corrections to the monopole
correlation function. This follows from the very fact that we are describing the monopole
excitations by means of a fully quantized operator.

It would be very interesting to perform the same calculations for the case of a grand-
unified model, like SU(5), for instance. Also, the introduction of finite temperature effects
would allow us to study the temperature dependence of the magnetic monopole mass, maybe
with important cosmological consequences.

It also would be interesting to verify how the monopole correlation functions deviate from
the asymptotic large distance regime. In order to do that one should weigh the importance of
the graphs with more than two legs which were not considered here. It would be extremely
interesting then to study the possible effects of quantum corrections in processes like the
monopole catalysis of baryon decay or the monopole production in spontaneous symmetry

breaking phase transitions in the early universe.
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A) Two-Legs Graphs

Let us show here that graphs with two legs are the only ones which contribute to the
monopole correlation function in the long distance regime. Any two-legs graph can be

written in a form as in (4.6):

1 — —
AR = [ @ [ dinm @@ ) [ o 0] (Vg - Fip) 7R E ). (A1)

Observe that since A is dimensionless, F'(¢ —7) must have dimension of (mass)?. Writing

(for &' =n")

Bl ekE=n)
2m)* |k

SF(E—n) =7 [ CO(F; M) , (A2)

we see that C@ has dimension of mass.

In the large distance regime, we have seen in Sec. 4 that we can write (A.2) in the form

SPF(E —n) TES [00]PCP (0; M) fO(|F — 1) (A.3)

where [00]7* is either V'V? or V22737, for A; and As, respectively. This structure remains
valid for every two-legs graph at all orders. Only 0(2)(12; M) changes. At 0-loop, we saw
that

M2

VIRE + 022

According to what we have seen in Sec. 4 the long distance behavior of A® must be

C®) (ks M) = (A.4)

given by

A® ~ CO(0; M) f (|7~ 7)) - (A.5)

Since C(0; M) has dimension of mass (C®(0; M)y = M) it follows that for any two-legs
graph f(|7 — y]) ~ |Z — y] at large distances. This behavior leads to the exponential decay

of the monopole correlation function.
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Let us consider now a generic 4-legs graph. This has the form

AW %/i{ldi’»gfz wai(&) Z {[€u1a101p1a((7£11)} [€u4a404p4a((7§4)] %

combinations

X (Ve V) (Ve - Vg, )07 72677} (&, ... &) (A.6)

where F'(&1,...,&,), the analog of (A.2), is given by

d3/€1 d3k,3 6iE1-(51—54)eiE2~(§2—£4)eiE3'(§3—€4) o
F(e, ... :/ S (K M) | A.
(é-lu 754) (277')4 (277')4 ‘]{;3‘2(—]{;1 ] ]{;2) C ( 3 ) ( 7)

Observe that F(&, ..., &) has dimension of (mass)* and C@ (k;; M) of (mass)™".

As in (4.5), for large distances, we can write

§P2ErPL (S L &) = [0000]PrP2Pse 0 (0; M) fO (|17 — 7)) (A.8)

where [0000]P#2P3P+ is the obvious generalization of [00]”*#? containing four derivatives.
Following the same procedure as in the case of the two-legs graphs we conclude that the

large distance behavior of a four-legs graph is given by

AD (2 — y) TEZX 0O (0; M) O (7 - 1) - (A.9)

T—yl—oo | 1

Since C™ has dimension of (mass)~! we conclude that f® i |7 — 4]~ and therefore

at large distances,

1

~ T o -
7 — ]

A (z —y) (A.10)

We can easily perform the same analysis in the case of a graph with 2n-legs. We are led,

then, to the conclusion that in general

A (3 — ) T gz — P2 (A.11)

where M has dimension of mass. As a consequence, we see that only two-legs graphs

contribute to the asymptotic large distance behavior of the monopole correlation function.
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B) The Equation (4.6)

Let us show here that the last term in (4.6) does indeed vanish. Integrating by parts, we

have an expression proportional to

/d%d%'@%&ﬂ(z)@'ﬁflf(z')5””F(z - 2. (B.1)

We can now write

0 AG(2) = =20 [ (s — )iz =€) -
= [ P05 - — it |, P -at -6, (B2)
where the last term comes from S,, the boundary of the volume V,, (7 is the unit vector in
the d3¢# direction. Using Gauss’ theorem in the last term of (B.2) we see that we have, for

an arbitrary function J*(z)

[ a1 =~ [ @ew e 0000 ¢ [ de o e =06 -
— _l 3 € wa —
) EEAL SN I PAGE (B.3)

This expression vanishes with the divergence of w®.

C) Evaluation of the Surface Integrals
Let us compute here the surface integrals appearing in (.13) and ([£1§). Let us call I;

the term involving the surface integrals appearing in (f.13):

I = 7{5 z ek (V x w(€ - 7))’ 3 &Vl (VX (i — )™ (C.1)
In spherical coordinates we have that @ = (—6sin @, 6 cos ¢, 0) = 0. The rotational of @ is

given by
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Vxgopl il 50 (C.2)

r r
In ([Ca), d*¢" and d?n™ are the elements of area of the spherical surfaces S, and S,, respec-

tively, expressed as d26! — r2dpdf sin 07 and d?n™ — r">d¢’df’ sin @' 7. From the integration
by parts done in (fEI), we see that it is the radial term of V x @ that is going to contribute
in (C.). We have then that

A~

r V (V X w)radial = —ﬁ(]. + QCOt 9) + ﬁ Cot9 — Sln—29 . (Cg)

Therefore, we get for the surface integral

5 2m ™ ~ 0
Aok —\1 _ : _ sk k -
%gdSr V¥V XW),adial —/0 dgp/o d@sm@l (1 +6cotd)+6 <Cot9 sinzﬁﬂ . (C4)

Substituting the vectors # = (sin 6 cos ¢, sin § sin ¢, cos§) and 6 = (cos 6 cos ¢, cos 8 sin ¢, — sin 8)

in (C4) and performing the angular integrations, one obtains

3

L dS VAV X @) = (0.0, )" (C.5)
Thus, we get for I1, Eq. (C.]), the result
6
7r

Let us call I the term involving the surface integrals in (.13):

b= @&Vl <oy Tl (% x @)y (.7)

where, we used the fact that |§ — 17 e | — ] and, without loss of generality, chose

(Z — )/|Z — ] in the 3-direction. From (C3), (V x w)i=3 is given by

- - _9+sin90089

(V x @)= (C.8)

rsin 6
From (C.§) we have that
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f_k O+sinfcos 6% sinfcos?O — Hcosh

r2 sin 0 72 sin? 6

VAV x w)/=3 = —

From (C.7]) and (C.9) we get that

N . 2T T . : 2 _
j{ dS #'VE(V x m)=2 = / dp / 9 [—flf’“ (0 + sin 0 cos ) + g SmIcos 0 = bcosb
S 0 0

sin 6

(C.10)
Substituting the vectors # and 6 in (C-I0) and performing the angular integrations, we obtain

the double-vector:

71.3

fsds POV ) @yt = =T ((1,0,0)%,(0,1,0)% (0,0,0)%)". (C.11)

I, Eq. (C1), is given by taking the scalar product of ([C.11) with itself:

7.‘.6

D) The Equation (4.18)

Let demostrate here that Eq. (4.17) can be put in the form (4.18). Writing
Vi = —6(5) 'ﬁ(n) we see that (4.17) is of the form

/ P nf(©)gmVie - VapF (€ —n) =

= /d3§d3n (6(5) : ﬁ(n)) [f(&)g(n)F (& —n)] + 3 additional terms . (D.1)

The three aditional terms in the above expression always involve an integral of the type

[ an) [ aeotydf [V x wle — )] dfgle —nlF (€~ ). (D2)
where we used the identity % = §"|7]. Because of the presence of the rotational, we can

make the 9" derivative total and apply Gauss’ theorem to write the last integral as
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[ @) § a0l ofy [V x @i - )] [l - ol Fia - )] (D.3)

where we used the fact that [ — 7| Fglge0 |r — y|. Making 0&) = —8lx) when acting on

w(§ — x) we immediately see that the above expression is proportional to

~ 0 §, a6y [V xwEe - )] (D.4)
In Appendix C, Eq. (C.5), we showed that the above integral is a pure number and therefore
independent of z. As a consequence, the above derivative vanishes and all the three aditional
terms in (D.1) are equal to zero. Using the theorem of Gauss in the first term on the r.h.s.
of (D.1) immediately leads to (4.18). It is interesting to note that the vanishing of the three
terms which are not total derivatives in (D.1) depends crucially on the presence of the factors
D¢ —n| = (€ —n)'/|€ —n|. These terms would no longer vanish, for instance, if we tried to

apply the same procedure of this Appendix to (4.9).
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Figure Captions

Figure 1: Volume configuration in the definition of the external field fl/‘j(z; x);

Figure 2: Vertices involving the external field AZ (curly line) contributing at zero loop.

Vertices with dark dots represent derivative vertices (gauge dependent). (a = 1, 2);

Figure 3: Graphs contributing to the asymptotic behavior of A(x —y), in Eq. (4.1), at zero
loop. In the symmetric phase the contribution to A is given only by the first two graphs;
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