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PHYSICAL REVIEW D 66, 023516 (2002

Sensitivity of the cosmic microwave background anisotropy to initial conditions in quintessence
cosmology
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Paul J. Steinhardt
Department of Physics, Princeton University, Princeton, New Jersey 08544
(Received 25 March 2002; published 19 July 2002

We analyze the evolution of energy density fluctuations in cosmological scenarios with a mixture of cold
dark matter and quintessence, in which the quintessence field is modeled by a constant equation of state. We
obtain analytic expressions for the time evolution of the quintessence perturbations in models with light fields.
The fluctuations behave analogously to a driven harmonic oscillator, where the driving term arises from the
inhomogeneities in the surrounding cosmological fluid. We demonstrate that the homogeneous solution, deter-
mined by the initial conditions, is completely subdominant to the inhomogeneous solution for physically
realistic scenarios. Thus we show that the cosmic microwave background anisotropy predicted for such models
is highly insensitive to the initial conditions in the quintessence field.
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[. INTRODUCTION These conclusions were originally mentioned in our first
paper on quintessence modé#, and also by Viana and
Growing observational evidence suggests that the totdliddle [5], who noted that the amplitude of the energy den-
matter density of the universe is significantly less than thesity perturbations in the background fluid is largely indepen-
critical density. Yet measurements of the cosmic microwavelent of the initial conditions in the scalar field, provided the
backgroundCMB) indicate that the universe is flat and the initial energy contrast is less than unity. Our present work is
total energy density is precisely equal to the critical densityconsistent with these earlier conclusions. However, we go
[1]. Candidates for the missing energy are the cosmologicdHrther in this paper by examining in detail the behavior of
constant(A) [2] and quintessencé), a time-varying, spa- the scalar field perturbations, and the causes for the insensi-
tially inhomogeneous component with negative pressurdVity: as described next. . .
[3,4]. Examples of quintessence include slowly evolving In the next section we derive the equations of motion for

fields or topological defects such as a network of light anal;?oﬁx]oa:ﬁg%n tgf H]uﬁ:r?clzil?nitlltjzﬂli%t:at:ﬁgtsés\/ggr:ggofﬁuuciﬁa-
tangled cosmic string$6—12. Cold dark matter(CDM) y Y d

. . o ions in terms of the evolution of th ion of
models with quintessenc&®CDM) which fit the data from tions in terms of the evolution of the equation of state as a

: ; ) o function of a cosmological scale factor. In Sec. Ill we show
observations of high redshift supernovas, gravitational lensg, 4t models with constant equation of state represent the be-
ing, CMB anisotropy, and structure formati¢ti—3| have

havior of a large class of models with light fields and mono-

been found. _ . tonically evolving equations of state. In Sec. IV we analyti-

For the purposes of this paper, we model quintessence ggjly solve the fluctuation equation for constant equation of
a scalar field quintessence rolling down a poteni@Q)  state at large wavelengths. We use this solution to describe
with an equation of state'=pq/pq, Wherepg is the pres-  key features of the fluctuation evolution obtained from the
sure andpq is the energy density of the field. We consider numerical integration. Finally, in Sec. V we report the effect
here a large class of models in which the field and fluctuatiorof changing initial conditions on quintessence fluctuation
evolution may be represented by a constant equation of statevolution and CMB anisotropy. We show that the anisotropy
with value between 0 ane 1, and in which the sound speed is highly insensitive to changes in the initial conditions.
in quintessence fluctuationsiQ, approaches unity at scales
much smaller than the horizon. Most models of quintessence Il. FIELD AND FLUCTUATION EQUATIONS
that have appeared in the literature satisfy these conditions.
This class includes not only “tracker models,” which have ~We consider a matter-quintessence Lagrangian of the
dynamical attractor behavior, but also more general potenform
tials[7—11]. We show that, in such models, the CMB anisot-
ropy is insensitive to initial conditions of the quintessence L=Lg+Lg, (N
field. By insensitive we mean that the fractional change in
the CMB anisotropy power spectrum due to a change irwhere theB refers to all the background species of particles
initial conditions cannot be observationally resolved. and fields, including baryons, photons, cold dark matter, and
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neutrinos. The background cosmology is described by thé scalar field evolution, and repeated all computations in the
Friedmann-Robertson-Walker metric with positive signatureconformal gauge. The results from these multiple approaches
We model theQ field as a classical, self-interacting, scalarwere all identical to better than 1 part in®1L4].
field, minimally coupled to other constituents of the universe We can parametrize quintessence models in terms of the
through gravity, evolution of the equation of state as a function of scale factor
w(a). The formulation is useful in studying the time depen-
L :}Q Q4 V(Q) @) dence of quintessence fluctuations and in unearthing the
QU wm ' similarities in time evolution of models with different poten-

. ) ] o tials. The energy density and pressure ofgheomponent in
We only consider models with canonical kinetic energythis parametrization are given by

terms, sinceciQ approaches unity at scales much smaller

than the horizorj4] in these models. 3H§QQ 1da
The time evolution of the quintessence field is determined  po(a)= 8.G ex;{B —Ioga+f ?w(a) , (6)
by the equation of motion a
a’ oV and
Q"+2—Q’'+a*—==0, ©)
a Q Po(a) =W(a)pg(a), 0

wherea is the scale factor, normalized to unity today, and
where the prime represené&ir, the derivative with respect
to conformal time. By specifying the functional form of the
potentialV(Q), along with initial condition€Q,Q’ at a time
Tinit» the subsequent evolution is determined for all timres

where H is the present-day value of the Hubble constant,
and(, is the present-da@-field energy density as a frac-
tion of the critical energy density.

To obtain the equations of motion in terms of the equation
of state, we express the first and second derivatives of the

= Tinit . N potential in terms ofw:
At the scales of interest for the cosmic microwave back-
ground(>1 Mpo), fluctuation amplitudes of th@ field and 1/ a’ W
the metric are usually small compared to the fields them- a2y = - —(3—(1—w)+ —1|Q’, (8)
selves, and thus a linearization of tQefield and Einstein ’ 2\ a 1+w
equations in the perturbation suffices to describe the fluctua- , o
tion dynamics. Our analysis, carried out in the synchronous ~ _», _ _ E(l—w) a_(a\(r, 3,
gauge, uses the conventions and equations from Ma and QQ 2 a a) \2 2
Bertschingef15]. ' , ,
The synchronous gauge is defined by the condition that n 1 w _ W—+w’i(3w+2)
the time-time and time-space parts of the metric are not per- 1+w|4(1+w) 2 a '
turbed. The perturbed metric is given as 9)

d§=a2(r){—d72+(5ij+hij)dx'dx'}. @ If we define 6y=6Q/J1+w(r) and ¢’

The metric perturbatioh;; can be decomposed into a trace =Q'/V1+w(r), we can use Eq48) and(9) to convert the
part h=h;; and a traceless pam. To enable us to study field [Eq. (3)] and fluctuationEq. (5)] equations for theQ
fluctuations as a function of wavelength, we will work in field into a form in which the potential is implicit:

Fourier spacek) with perturbationsh(k,7) and n(k, 7).

The time evolution of the perturbed metric is obtained by @'+ (1+3w) a__2 izo (10)
linearizing the Einstein equations in Fourier sp&mee[15]). a 1+wq/ 2
The cosmological perturbation equations for the dynamical
Q component are obtained by expanding the scalar fiel@nd
equations about the homogeneous background. In the syn- , , ; o
chronous gauge, we can write down the equation for small s, , 2 Sy + | k- E(l—w) a (a
fluctuationssQ in Fourier space: a 1+w 2 a a

a 27V e Lok (L4 2w a2l
5Q +2;5Q + aﬁﬂ—k BQ:—Eh(k,T) Q . 2 ZW W a lﬂ
(5) !

The fluctuation amplitude evolves in time like a scalar field. = phIEw. (D

To compute the quintessence fluctuation evolution and
CMB anisotropy power spectrum, we use the fluctuation andh practical consequence of this change of variables isifiat
Einstein equations to evolve the moments of the photon disdrops out of the evolution equation, and we only need to
tribution in a Boltzmann code. We modified two separatespecifyw andw’ as functions of time. Thus, given a well
Boltzmann codes;MBFAST [13] andLINGER [15], by adding  sampled table of the equation of state histar§a), we can
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FIG. 1. In the left panel, we see the evolution of the equation of state for a set of potentials, dll y##B.6 andw= — 1/3 today. The
evolution of the ratio of the quintessence energy density to the critical energy density is shown in the right panel. In both panels, the upper,
solid curve represents a constamt —0.55 model, while the lower solid curve represents a constent-0.66 model. Thev=—0.55
model has been chosen to best-fit approximate the exponential potential, while-th®.66 model has been chosen to best-fit approximate
the quadratic and quartic potentials. Notice the similarity in the energy density evolutions.

numerically integrate this equation in a Boltzmann code to Quintessence affects the CMB anisotropy chiefly through
obtain the evolution of the quintessence field and its fluctuaeffects that depend opg(a), which change the expansion

tions. history of the universd4]. Thus, these potentials predict
nearly identical CMB anisotropy to the best-fit constant
I WHY CONSTANT w APPROXIMATES WELL models withw=w;. The effective equation of state is em-
A LARGE RANGE OF POTENTIALS Firiﬁzally obtained as thpo weighted average value of(a)
14]:

For quintessence models described by a scalar field with

potential V(Q), the equation of state varies with the scale f dawa)po(a)

factor, depending on the initial conditions @) and the form PQ

of V(Q). In certain cases, especially for large mass fields Weft= (12)
(e.g., harmonic potential with large mass fiehd>H,), the f dapg(a)

evolution is oscillatory. In most cases, however, the mass of

the quintessence field is smaller than or comparable to the |n Fig. 2 we plot the ratio of the multipole moments of the
Hubble parameternj=<H,), and the evolution ofv(a) is  CMB power spectrum in the exponential, quartic, and qua-
monotonic. Observations are consistent with models injratic potential models to the power spectrum of the corre-
which the equation of state evolution is monotonic andsponding model with constant equa‘[ion of Stmezweﬁ_
slowly varying[9,11]. Also plotted is the fractional cosmic varian¢€osmic vari-

In Fig. 1 we consider equation of state histories in a groumance is the intrinsic theoretical uncertainty for any model
of models with different potentials and initial conditions such

thatw(a) increases monotonically. The examples plotted are 1.2 ettt
guadratic, quartic, and exponential potentifl$,17. We
compare the evolution of the cosmological energy density in
quintessenceng(a), in these models with that from models
with constant equation of state. The parameters and initial
conditions have been chosen so that each case produces the
same present-day values for the equation of state and total
energy density. The left panel shows the evolution of the
equation of state, while the right panel shows the evolution
of the energy density. In both panels, the upper, solid curve
represents a constant=—0.55 model, while the lower
solid curve represents a constant=—0.66 model. The 08 R
w= —0.55 model has been chosen to best-fit approximate the 1 10
exponential potential, while the#= —0.66 model has been
chosen to best-fit approximate the quadratic and quartic po- £, 2. Here we plot the ratio of the power spectrum in the
tentials. For each of the potentialg,(a) is @ monotonically  models from Fig. 1 to the power spectrum in the corresponding
increasing function of the scale factor. Although the timepest-fit constantv model. The fractional cosmic variance with re-

history of the equation of state is quite different between thespect to the best-fit model is also shotauter thin lines. The ratio
constantv and evolving potential cases, we can see from thdor each model falls well within this variance envelope at most of

figure that the evolution of the energy densities is closelythe multipole moments; thus, the predicted anisotropy is observa-
comparable. tionally indistinguishable.

——-= V-~exponential
~--== V~.quartic
— V~quadratic

—_
L
T

o
)
T

C,/ C{w constant)
=
1
/

e | e Ll )
100 1000
multipole moment: [

023516-3



RAHUL DAVE, R. R. CALDWELL, AND PAUL J. STEINHARDT PHYSICAL REVIEW D66, 023516 (2002

k=10" Mpc” tions. The change in the quintessence fluctuation evolution as
- a function ofw does not impact the matter fluctuation evo-
lution at all.

To understand the nature of this evolution, we look for
analytical solutions to the quintessence fluctuation equation.
We collect together the other constituents of the universe into
an adiabatic background fluid denoted by the laBeivith
equation of statavg and energy densitpg. We can then
solve the fluctuation equation analytically in two limi{s)
the energy density in the quintessence field is negligible
compared to that in the other constituents of the universe
(po<<ps), and(b) the energy density in quintessence domi-

. - l . i nates the energy density in the rest of the constitugmgs (
. i 10 >pg). In these limits we can solve fofy deep inside the
radiation-and matter-dominated epochs wheggis a con-

FIG. 3. We compare the evolution of quintessence and mattegtant, and deep inside the quintessence-dominated epoch re-
fluctuation energy density for a long wavelength 10 “ Mpc™*  gpectively. In both cases, the fluctuation equafigg. (11)]
mode in three different models with equations of state —1/3,  then simplifies to the form of a forced harmonic oscillator
—2/3, and—0.9, and with)=0.6,h=0.65, and1gh"=0.02. The " \yith constant coefficients and a force term dictated by the

three lower curves are the quintessence fluctuation evolutions at "}ﬁ)upling of quintessence to the perturbed metric:
different equations of state, while the three upper curves, all very '

close to each other, are the corresponding matter fluctuation evolu- d25y doy
tions. Notice that the energy density in quintessence fluctuations s+ v +(k2+ mz)&p
changes with the equation of state, but remains much smaller than d(loga) d(loga)
the energy density in matter fluctuations. 1 dh dy
=—>\1+w : (13)
prediction based on adiabatic Gaussian perturbaticftse 2 d(loga) d(loga)

ratio in each of the cases falls within the cosmic variance|_|

uncertainty for almost all multipoles. Hence, the power spec-

trum in each case is observationally indistinguishable from 3

the corresponding constamt model. v==(1-wp) (14)
Thus, for a large class of models with monotonically 2

changingw, the evolution of quintessence and its fluctuations, . - . .

are described, to within cosmic variance, by a constant efS the damping coefficient of the oscillator equation, and

fective equation of state. In this paper we restrict ourselves to 3

these models, and additionally require the sound speed in the m= - V1(1-w)(2+w+wg) (15)

quintessence fluctuations, or the group velocity of the fluc- 2

tuationsc? to be ~1 at subhorizon scales. We do not deal , . .

with oscillatory equations of state or models in which the'S the Compton mass of the fiel;, all expressed in units of

1 !
kinetic energy is noncanonical amd<1 at smaller wave- the comoving Hubble parametes (). .
There are two qualitatively different types of solutions to
lengths, such ak-essence mode[£20].

this fluctuation equation. The homogeneous solutions belong
to a two-parameter family specified by the initial conditions
Sthinir and 8¢y, and are unaffected by the fluctuations in the
background cosmological fluid. The inhomogeneous solu-
To study the evolution of quintessence fluctuations, welions, on the other hand, arise as the response of the quintes-
numerically evolve the fluctuation and Einstein equations irsence field to the fluctuations of the background. The evolu-
aQCDM model withQ2=0.6,h=0.65, and2zh?=0.02. In  tion of quintessence fluctuations as a function of scale factor
Fig. 3 we plot the quintessence and matter fluctuation energip determined by the combination of these solutions. The
density obtained in this model for a mode with wavelengthsolutions are different in the radiation-, matter-, and
larger than the horizon todak€ 104 Mpc™1). The lower ~Q-dominated epochs, and must be matched by continuity at
three curves are the fluctuation evolutions at three differenthe boundary between radiation and matter domination, and
equations of statay= —1/3, —2/3, and—0.9. We see in the Petween matter and quintessence domination.
figure that for all the equations of state the fluctuation am- Solving the inhomogeneous equation requires knowledge
plitude first oscillates and decreases, reaches a minimur®f the time evolutions of the quintessence field and the met-
and then ultimately starts to increase. The decrease of tHéC perturbations. The former evolution can be obtained from
amplitude is sustained for a longer time, and the subsequeffte equation of motion for the fielq. (10)]:
increase is sharper, asbecomes more negative, i.e., closer

N d a2 1 (3/2)(1+w)
to —1. The upper three curves, which are all almost on top of 4 — J3H2Q/87G— (_ (16)
each other, are the corresponding matter fluctuation evolu- d(loga) 0%"Q a'\a '

erek is the comoving wave number,

IV. SOLVING FLUCTUATION EQUATIONS
FOR CONSTANT w

023516-4
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while the latter dependence can be obtained from the Einsence fluctuations due to CDM potential wells. Furthermore,
stein equation§15]: the inhomogeneous solution at a given scale factor is smaller
5 for values ofw closer to —1, since thea*? scaling and
d*h (1-3wg) dh coefficientc, are both smaller for more negative valuesnof
d(loga)? 2 d(loga) and thea,]l2 term is almost independent @f. The reduced

Sp+ op Spe amplitude reflects the smaller coupling to the background in
= —3( =—-3—(1+wp), (170  the source term of the fluctuation equatidg. (13)].

p PB The homogeneous equation has the form of a damped
harmonic oscillator with constant coefficients. Thus the so-
lution at all wavelengths in each epoch is simply

where dpg/pg is the fractional energy density in the back-
ground fluctuations. The behavior 6pg/pg at scales larger
than Jean’s length, the largest scale at which the collapse of S=cna "26(a,k,m,v), (22)
a fluctuation through gravitational instability can be counter-

acted by the propagation of mechanical disturbances in th@herec, is the amplitude of the solution and whefés an
baryon-photon fluid, in the synchronous gauge, is welloscillatory function of order unity. Since>0 in all epochs,

known[18]: the oscillation envelope decreases as a power law of the scale
p/2 factor. The amplitudee; must be determined by the initial
%: (% a (18) conditions on the quintessence fluctuations at the initial hy-
OB Pe Iy, ay, ' persurface far outside the horizon, deep in the radiation-

dominated epoctiwe chosea;;~10 8 in our simulations

Here (Spg/pe)w, is the fractional background energy density and analysis _ N
anday is the scale factor when the fluctuation mode under The inhomogeneous solution scales as a positive power of

. . . _ S a, and is hence negligible{10 29 at the initial hypersur-
consideration exits the horizon during inflatiodl (. The  ace The initial fluctuations in quintessence are thus entirely

density power spectrum at hori_zon crossing is _taken to be_ Bue to the homogeneous solutiof,,= ¢ ). Hence, a

scale invariant Harrison-Zeldovich spectrum with a CoSMiCopange in initial conditions affects the homogeneous solution

Background ExplorefCOBE) normalized amplitud®sg, only. To determinecy,, we consider the initial conditions
predicted by inflation. Inflation creates a nearly scale-

=Dgk" V2 n=1, (190  invariant primordial spectrum of adiabatic density perturba-

H, tions in all light fields. Since the quintessence fields of inter-
est in this paper are also light fields, the entropy perturbation

with p=4 deep in the radiation-dominated epoch, gnd for the entire fluid, just after inflation, vanishes:

=2 deep in the matter-dominated ofie)].

We use Eq(16) and the solution of Eq.17) to solve the
fluctuation equatiofEq. (13)] for the evolution of metric
perturbations, and consequently for the inhomogeneous solu-
tion in the radiation- and matter-dominated epochs. At waveThis condition gives one equation between the initial fluc-
lengths much larger than the Jean’s length, we find that ~ tuations 8¢y and 8. A second constraint is obtained

from the observation that long wavelength fluctuation modes

%e
PB

!

TSS=dp— %5,):0. (23)

oY= —c|DBa,]|2a"’2, (200  are frozen outside the horizon, and thus we set
whereu=p+3(wg—w), and Stinii=0. (24)
r|27P2 . We solve the constraint equations for the amplitude of the
c /= S(Q—M) (VQo/Qg) (Vpc/HY) homogeneous solution:
(6+3w)/2,—2
Vi+w 1 5 Qe ay,
Xm. (21 CH__E(\/pC/HO) \/m 12 Dg. (25

Notice that the inhomogeneous solution depends on twqhe declining power law scalinga( ”?) of the homoge-
separate epochay anday=1, the latter entering the equa- neous solution is independent wf Thus, the equation of
tion through the dependence on the evolution of the quintesstate dependence of the homogeneous solution comes only
sence field. from its amplitudecy . Consequently, the value of the homo-
The magnitude of the inhomogeneous solution is proporgeneous solution at a given scale factor is largemfatoser
tional to the amplitudeD g of the Harrison-Zeldovich spec- to —1.
trum and is thus determined by the COBE normalization. Having obtained the approximate solutions of the fluctua-
Sinceu>0, the solution increases with increasing scale faction equation as a function of scale factor and equation of
tor for all equations of state. This behavior corresponds testate[Egs. (20) and (22)], it is now possible to understand
the gravitational amplification of large wavelength quintes-the numerically obtained long wavelength evolution shown

023516-5
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in Fig. 3. First, note that the scale of both the solutions is V. SENSITIVITY TO INITIAL CONDITIONS

determined by the amplitude of the matter fluctuation at ho- . . - .
rizon reentry, and consequently the COBE normalization, ﬁz\(lj gr?lve trs{geﬁolrgothgnfcitjssif)tllgt?o;hsato:‘mttrl]ael ﬁgggjgﬁgi
Secondly, we can see from the equations that the homog%— Lation yFor modelg withw closer 1o —1 such as
neous solution decreasesas”?, while the inhomogeneous q '

solution increases a&*/?. Thus the amplitude of the fluctua- go??n%i:?ﬁ;ﬁ\-ﬁégs gﬁrggffgiﬁiﬁﬂgj:o;'Slr:argizcirllsr
tions decreases until the inhomogeneous solution becom 9 ger. In p '

comparable to the homogeneous solution, and then it starts ?(Iie homogeneous solution dominates at last scattering, and a
increase. The scale factor at which the solutions becomg & 9¢ N initial conditions can propagate forward in time to

a change in the total fluctuation energy density, and conse-
comparable, . ; .
quently to a change in the temperature anisotropy. Since the
4/(7-6w) power law decline of the homogeneous solution is indepen-
, (26) dent of wavelength, and the amplitude of the inhomogeneous
solution is suppressed at smaller wavelengths, any conclu-
_ s _ . sions on sensitivity to initial conditions drawn at larger
increases fronar—10 ° atw=-1/3 toa;~1.7X10 " at  yayelengths will continue to hold at smaller ones.
w=—2/3toar~4x10"“ atw=—0.9. Thus, as can be seen At |ong wavelengths, an expression for the effect of the
in the figure, the homogeneous solution is comparable to thg,ctuations inp,, and pg on the metric perturbation can be

inhomogenious one for thve= —1/3 model at last scattering gptained in a very simple form from the Einstein equations
(a~7x10"7), while it dominates the inhomogeneous solu-[15):

tion at both the more negative equations of state —2/3

—cuaf,

a = S
T ¢, Dg

andw=—0.9. 1a Sp
The magnitude of the homogeneous solution at a given — = —h'~47Ga’sp| 2+ —Q)_ (29
value of the scale factor increasesvaspproaches-1. By 2 a 5pm
contrast, the magnitude of the inhomogeneous solution de-
creases. Additionally, since The fluctuations in quintessence produce an effect that de-
pends upon the ratidpg/dpy,. This ratio must become
, 1 comparable to unity at last scattering for there to be any
Spg* = a(1+3wr2 (27) distinguishable effect on the CMB anisotropy. As can be seen

in Fig. 3, in the case of adiabatic initial conditions, quintes-
the energy density in the homogeneous solution at a givesence fluctuations are subdominant to matter fluctuations by
scale factor further increases with decreasinépr all w< many orders of magnitude for alv. While the ratio
—1/3 [14]. Consequently, in models wittv closer to—1, dpq! dpm Will increase if one amplifies the initial conditions,
such asw=—0.9, the energy density of the quintessencewe will see that it is still too small at last scattering for most
fluctuations is initially larger and decreases more graduallyw in order to have a distinguishable effect on the metric
Thus, the evolution remains dominated by the homogeneougerturbation and consequently the CMB anisotropy.
solution until a later time. To study the effect of changing initial conditions on the
The power law decline of the homogeneous solution iSCMB anisotropy, we start with the simplest possible initial
independent of wavelength. On the other hand, the amplitudeonditions, smooth initial conditions, where the values of the
of the inhomogeneous solution for small wavelength moded§luctuation amplitudessys and 5y’ are set to zero on the
is suppressed compared to amplitude for large wavelengtinitial hypersurface. Smooth initial conditions have the
modes. For wavelengths smaller than the comoving freeinique property that the quintessence fluctuation evolution is
streaming scale for the quintessence fluig,, the fluctua- determined solely by the inhomogeneous solution of the
tions free-stream from overdense to underdense regionfuctuation equation. To test sensitivity, we compare to the
Thus, modes smaller thdn, experience oscillations and the case of adiabatic initial fluctuations @. This corresponds to
damping of the power law growth of the inhomogeneousmixing the homogeneous solution into the inhomogeneous
solution due to the competing effects of gravitational ampli-one.
fication and pressure support from free streaming. In the left panel of Fig. 4, we compare the evolution of the
In this section we obtained approximate analytic solutiongatio dpo/dpy, at large wavelengthk=10* Mpc™*) for
to the fluctuation equation at long wavelengths. We usedmooth and adiabatic initial conditions,\at= —0.9. We see
these solutions to explain the evolution of quintessence flucthat the evolution of the ratio for the smooth case tracks the
tuations for different equations of state. We found thatWfor power law rise of the inhomogeneous solution to its present-
closer to—1 the homogeneous solutions dominate the inhoday value. The magnitude of the ratio at last scatteriag (
mogeneous ones until later in the evolution of the universe~10 %) is much larger in the adiabatic case than in the
In the next section we study the sensitivity of the CMB an-smooth case, corresponding to the dominance of the homo-
isotropy to initial conditions. We show that this longer last- geneous solution over the inhomogeneous one. Still,
ing domination at values of the equation of state closer1o  dpg/dpny, remains far below unity in all epochs for the adia-
determines the extent to which the initial conditions must bebatic case.
changed from the case of perfectly smooth initial conditions We plot the effect on the CMB anisotropywat=—0.9 in
to affect the CMB anisotropy. the right panel of the figure, for both the smooth and adia-
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FIG. 4. The figure in the left panel shows the evolution of the ratio of energyflactuations to that in matter quctuationﬁ;(QlépM)2
atk=10"* Mpc? for both smooth initial condition§inhomogeneous solutiprand adiabatic initial conditions at=—0.9. The figure in
the right panel shows the corresponding CMB power spectra as a function of multipole moment. Plotted below the power spectrum is the
percentage residual of the power spectrum for adiabatic initial conditions from smooth ones, compared to the fractional cosmic variance
(100X AC/C,, plotted as a black line The anisotropy change in going from smooth to adiabatic initial conditions is well below the
variance.

batic initial conditions. Below the spectra is plotted the ab- If there is to be a distinguishable imprint of a change in
solute value of the residual, or the percentage difference dhitial conditions on the CMB anisotropy, the energy density
the power spectrum in the model with adiabatic initial con-in gquintessence fluctuations must increase drastically so that
ditions compared to the model with smooth initial condi- dpq/dpn is of order unity at last scattering. Let us estimate
tions. We also plot the fractional cosmic variance. Residual§ow large the initial amplitude ofpq/pg must be in order
smaller than the variance cannot be observationally medo have a distinguishable effect by artificially multiplying
sured. As can be seen from the figure, the anisotropy for thadiabatic initial conditions by a factét, and then comparing
adiabatic case at= — 0.9 is not observationally distinguish- the result to the results for smooth initial conditions. We
able from the smooth case within cosmic variance. While thavant to show thaF must be quite large in order to have any
addition of the homogeneous solution to the inhomogeneoudetectable effect on the CMB anisotropy. In Fig. 5 we dis-
one does increase the ratipg/dp, by many orders of play the evolution ofdpq/Spy, in the w=—0.9 model, for
magnitude, the increase is not enough, evewat—0.9, to initial conditions that are adiabatid=&1), and for initial
alter the CMB power spectrum. conditionsF=10* and 18 times the adiabatic initial condi-
tions. The ratio is plotted at a wavelength longer than the

T e horizon todayk=10"* Mpc™ 1. In the case of amplified ini-

o sdisbatic nts i tial conditions, the homogeneous solution is larger, and thus

o 12;::::::::?;::;5 it takes until very recent epochs for the inhomogeneous so-

lution to become comparable to the homogeneous solution.

The amplification of the initial conditions bly=10* makes
dpq!dpm larger than unity initially, and the dominance of
the homogeneous solution keeps it close to but smaller than
unity at last scattering. An amplification y=10> causes
the ratio to be of order unity at last scattering, which will
leave an imprint on the CMB anisotropy.

To understand these effects from the perspective of the
value of dpg/pg, we need to obtain the value of the matter
fluctuation at the initial hypersurfaceat10 8). Since
— ol il COBE normalization sets the amplitude of the matter fluc-
a tuation on reentry to b&p,,/p,,~10 °, we find from Eq.

FIG. 5. The figure compares the evolution of the ratio (18_) that (5pm/pm)init~10716m the synchronOl_Js gau_ge. T_he
(8po/dpy)? for both adiabatic F=1) and artificially amplified ~ati0 Of (5pq/pq)init 10 (8pm/pm)ini 1S S€t by imposing ei-
(F=10* and 1) initial conditions for thew=—0.9 model from ther smooth or adiabatic initial conditions. In the former case
Fig. 3. The ratio is plotted for wave numbke=10"4 Mpc™t. Wwe  We havedpg/po=0 and so the ratio is zero. In the latter
also plot a solid horizontal line to indicate a ratio of magnitude case, the ratio can be obtained by combining Eg8) and
unity. Notice that the amplification prolongs the domination of the (24) with the scale-factor dependence @f, and pg. The
homogeneous solution, and the resultant closeness of the energsolute value of this ratio ranges from10 ! atw=0 to
density ratio to unity. 10?2 at w=—0.9. In other words, forw closer to —1,

89 /Opy=1
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plified models is identical to that in the adiabatic model, even

for F=10°. For w=—0.9, an amplification by a factor of

107 leads to no distinguishable changes in the anisotropy. On

the other hand, an amplification by=10* weakly sup-

presses the Doppler peak and creates changes in the anisot-

ropy at some multipoles. The ratio of energy in quintessence

fluctuations to energy in matter fluctuations o 10* is of

the order~10 2-10"! at last scattering, as can be seen in

Fig. 5, and the residual anisotropy is barely smaller than the

cosmic variance. Thus, the effects on the CMB are not large

enough to be observationally distinguished. Amplification of

the initial conditions in thev=—0.9 case by a factor of $0

raises the amplitude of the homogeneous solutions suffi-

ciently thatdpo/dpn~1 at last scattering. For equations of

state even closer te-1, smaller amplification factors are

0 100 1000 10 100 1000 required to make a measurable difference in the CMB anisot-
multipole moment £ ropy. However, the amplification is still large and unphysical.

For example, even alv=—0.999, an amplification byF
FIG. 6. The figure depicts the CMB power spectrum as a func-= 10° is required to create an observable effect.

tion of multipole moment for two of the models of Fig. 3 with

=—2/3 and—0.9. The power spectra are plotted for a series of

cases with artificially amplified initial conditions, and for the cor- VI. CONCLUSIONS

responding model with adiabatic initial conditions. Also shown in

the lower panel is the absolute value of the percentage residual of . . . .
the amplified cases from the adiabatic case, as compared to the We studied in this paper a large class of quintessence

fractional cosmic variancéblack line. At w=—2/3, an amplifica- models with ||gh_t fields and sound spee§1~1 at small
tion of the adiabatic initial conditions, even Hy=10°, is not wavelengths, which have the property that they can be well
enough to make an observable change in the CMB power spectrurdPProximated by a constant equation of staterhe evolu-
On the other hand, in the= —0.9 case, the power spectrum for the tion of the fluctuations in these models was obtained by nu-
same value of is markedly different. merical integration and explained by approximate analytic
solutions to the fluctuation equation at large wavelengths.
Our central result is that the CMB anisotropy in such models
dpolpq is initially quite large. Yet there is no observable is insensitive to initial conditions on the quintessence fluc-
difference in anisotropy, as can be seen from Fig. 4, betweefuations for smooth and adiabatic initial conditions. For
the cases of smooth and adiabatic initial conditions. The am= —0.9, the CMB anisotropy is insensitive in the |arge range
plitude of the homogeneous fluctuations swiftly declines anthf initial conditions Gpo!po)int< 10" (F=10°) for
both the above ratio and consequendlyg/dpy, are much  (s5p./p..)~10° at horizon reentry. Secondly, the sensitiv-
smaller than 1 by last scattering. Thus there is no observablg, increases as/ approaches-1. At w= —0.999, the range
change in the CMB anisotropy. It is only when the initial requces to 800 /pQ) i< 10° (F=10%. However, physi-
conditions are amplified byF=10" [so that ©po/pg)  cally reasonable models such as those based on inflation and
~ 10" at the initial hypersurfadahat the steep decline can- ekpyrosis do not produce such |arge Va|ue§p)é/pQ, and
not offset the initially large value by the epoch of last scat-the ratio of energy in quintessence fluctuations to that in
tering, and there is any observable effect on the CMB. Ofmatter fluctuations is much smaller than unity. Hence, we do
course, this large value @ is physically unrealistic, many not anticipate that the CMB anisotropy will be sensitive to
orders of magnitude greater than what is expected from inmijtial conditions in realistic cases. The same analytical argu-
flation, for example. Also, for such extreme valuesothe ments made in this paper carry over to the more genera|
linear apprOXimation used in CMB analySiS is invalid. This quintessence models in whick is more Strong|y time de-
e_xercise shows c_IearIy that we can .ignore the initial CO”di‘pendent ocgqél at small wavelengths. However, the precise
tions on the quintessence fluctuations for all reasonablgymerical lower bound on the initial conditions required to
models. imprint a distinguishable effect on the CMB anisotropy has
to be worked out on a case by case basis.

In Fig. 6, we plot the numerically computed power spec-
tra atw= —2/3 and—0.9 for adiabatic and amplified initial
conditions. The amplification is by factors &f=10?, 10, ACKNOWLEDGMENTS
and 10 times the adiabatic initial conditions. Below the
spectra, we plot the residuals with respect to the adiabatic This work was supported by DOE grant DE-FGO02-
model. 95ER40893R.D.), NDF grant PHY-0099543R.R.C), and
We see that atv=—2/3 the power spectrum in the am- DOE grant DE-FG-02-91ER4067P.J.S).
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