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112 family of (. @) graphs are of interest for several reasons. For example, any minimal
counter-example to Berge's Strong Perfect Graph Conjecture ! ='ongs to his family. This paper
accounts for ail (4, 3) graphs. One of these is not obtainable by existing techniques for
gencrating (a + 1, w) graphs from (a, w) graphs.

1. Introduction

A graph G is said to be perfect if for each induced subgraph G’ of G the size of
the largest clique of G’ is equal to the chromatic number of G'. The Strong
Perfect Graph Conjecture of Berge asserts that a graph is perfect if and only if it
contains no induced subgraphs which are holes or antiholes, where a hole is a
cherdless cycle of odd length at least 5, and an antihole is the complement of a
hole. Lovasz [12, 13] proved a weaker conjecture of Berge: a graph is perfect if
and only if its complement is perfect.

The Strong Perfect Graph Conjecture has been cstablished for several .lasses of
graphs including: planar graphs [16], circular arc graphs [17], K, ;-free graphs
[15, 19], 3-chromatic graphs [18], and graphs with maximum degree at most 6 [7].

Another way to state the Strong Conjecture is to say that any imperfect graph
whose proper induced subgraphs are all perfect must be either a hole or an
antihole. Padberg [14] showed that such a minimally imperfect, or critical, graph
must be an (e, w) graph, defined below.

Definition. G is an (o, @) graph if, and only if,
(i) its vertex set has size aw + 1;
(i) its largest stable set has size «, aad its largest clique has size w:
(iii) each vertex is in precisely a stable sets of size « and o cliques of size o
(iv) each clique of size w is disjoint fr ym precisely one stable set of size a, and
each stable set of size « is disjoint from precisely one cligue of size w.

In what follows, n denotes aw + 1.
An (e, @) graph is said to be normalized if each of its edges belongs to at least

0012-365X/82/0000-0000/$02.75 © 1982 North-Holland
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one clique of size w. Each (a, «) graph contains a unique normalized (a, )
subgraph, because removing edges which belong to no cliques of size @ does not
create any new stable sets of size « [6, 18].

The paper of Chvatal, Graham, Perold, and Whitesides [6] establishes two
additional contexts in which (e, ) graphs arise. First of all, there is a correspon-
dence between normalized (a, ») graphs and soiutions to the system of equations

JX=XJ=al, JY =YJ =wl, XY=J-I, (D

where X and Y are matrices of 0’s and 1’s, J has all entries 1, I is the identity
matrix, and all these matrices are n x n. Bridges and Ryser [4] call the above
matrices X and Y an (n, 0, 1) system on «, w. Second, there is a correspondence
between normalized («, w) graphs and packings oi the completc graph K, by
complete bipartite graphs K, with each edge of K, covered exa..ly twice. C.
Huang [9, 10] and C. Huang and Rosa [8] have studied such packings.

The graphs denoted C2 ! are (a, ) graphs; they have vertices vy, . . ., U, With
v; adjacent to v; whenever there is a d such that 0<<d<w and d=i-j or
j—i(mod n). Holes and antiholes are of this type. In [6], methods are given for
constructing (a, @) graphs which are not of this type.

The purpose of this paper is to describe all normalized (4, 3) graphs. One of
these is a graph which is neither C?; nor a graph obtainable by the methods of [6].
Of course, none of these graphs is a counterexample to the trong Perfect Graph
Conjecture, as Tucker [18] has shown the conjecture holds for graphs with « < 3.

2. Properties of (a, ©) graphs
We now list several well known properties of (a, @) graphs which we will use
frequently throughout this paper. For convenience, we will use the work clique

(stable set) to refer to a clique (stable set) of maximum size conly.

Lemma 1. If G is an (a, o) graph, then G contains exactly aw + 1 cliques (of size
w) and exactly aw + 1 stable sets (of size a).

Proof. This follows easily from the definition of an (a, @) graph.

Lemma 2. Let G be an (a, w) graph. Let its cliques be Ty, ..., T, ., and its stable

seis be S,. ..., Sewr1. where T,NS; =@ if and only if i =j. If vertex v belongs to
T, ... T, . then the stable sets S, , ..., S, partition G—v. Similarly, if v belongs
S, . ... S;.. then the cliques T, . ..., T, partition G—v.

Proof. L et X be the matrix whose rows are the incidence vectors of the stable
sets 81, %2, ..., Sq0+1. and let Y be the matrix whose columns are the incidence
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vectors of the cliques T, T, ..., T,,.,. Then equation (1) holds, and also
YX=X'XYX=X"'J-DX=X""IX-T=J-1I (2)
The Lemma now follows from the fact that YX =71

Remark 1. A consequence of Lemma 2 is that the pseudo p-critical graphs o;
Tucker [18] are precisely the (a, w) graphs.

Lemma 3. Let G be a graph, and deﬁze a graph M(G) by making the vertices of
M(G) correspond to the cliques of G and making vertices in M(G) adjacent
whenever the corresponding cliques intersect If G is an (a. w) graph, then so is
M(G).

Proof. See [18].

3. Generation of (4, 3) graphs from (3 3) graphs

We assume throughout the rzst of this paper that G is a normalized (4, 3) graph

whose cliques are “triangles” T,,.... T,; and whose stable sets are S,,. ., 8,3,
where S;NT,=0 if and only if i=j. By an i,,....i-vertex, we mean a vertex
which belongs to the stable sets S;,..., S, . By Axyz, we mean a triangle whose

vertices are X, y, and z.

Remark 2. We emphasize that Lemma 2 says the following: if a vertex v belongs
to distinct T, , 7., and T, then each other ertex of G is exclusively an i,-vertex,
an i,-vertex, or an iy-vertex. Alsc, 1t says that if distinct T; and T, intersect. then
there are no j, k-vertices.

We define a graph K(G) from G as follows. We mske the vertices of K(G),
like the vertices of M(G), correspond to the triangles of G. This time, however,
we make vertices adjacent whenever the triangles to which they correspond
intersect in an edge.

We first show that the maximum degree of K(G) is at most 2. Then we use this
fact to prove that K(G) contains a path of length at least 5 if aad only if G can be
generated from a (3, 3) graph by the first construction methcd of Chvatel [6].

Lemma 4. The graph K(G) has maximum degree at most 2.
Proof. If a triangle of G met three other triangles in edges, then the four triangles

together would give rise to a clique of size 4 in M(G). However, M(G) is a (4. 3)
graph according to Lemma 2.
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Fig. 1. Configuration replacement generating a (4, 3) grapn. An cdge shown dashed is to be included
provided that in H, it belongs to a triangle whos: third vertex is in H —{v,, v, v5, v,}.

Lemma 5. No edge of G is in three triangles.

Proof. Suppose triangle T, with vertices a, b, and c shared an edee ab with
triangles T, and T,. Then since T, would intersect S, and §;, ¢ would be a
j» k-vertex. which is ruled out by Lemma 2.

Lemma 6. Suppose that H is a (3, 3) graph containing the configuration of four
vertices shown in Fig. 1(a) and that either {v,, v, v3} is one of three cliques
partitioning H — v, or {v,, vs, 04} is one of three cliques partitioning H — v,. Then
replacing the configuration shown in Fig. 1(a) by the configuration shown in Fig.
1(b) generates a (4, 3) graph.

Preof. This is the construction of [6] specializad to the generation of (4, 3) graphs
from (3, 3) graphs.

Lemma 7. If K(G) contains a path of length at least 5, then G contains the
configuration of triangles shown in Fig. 2, and

(i) d is the on!y common neighbor of b and f;

(i) vertices b and g are adjacent (similarly for a and f).

Proof. If K(G) contains a path of length at least 5, then Lemma 5 implies that G
contains the configuration in Fig. 2.

(i) Suppose that T is the third triangle containing b and that T, is the third
triangle containing f. Then each vertex v distinct from b and f must be an
i, j-vertex for some i in {1, 2,6} and j in {4, 5. 7}. In particular, if v is a 3-vertex,
then by Remark 2 it must be a 3, 6, 7-vertex, as T; intersects Ty, T, Ty, and Ts.
Hence 7 and T5 do not intersect, again by Remark 2. Therefore, b and f have no
common neighbors other than d.

We leave to the reader the proof of part (ii), wnich can be handied by repeated
applica‘ions of Remark 2.

Fig. 2. Configuration contained in G, where K(G) contains 2 path of length 5. Some adjacencies may
not be shown.
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remma 8. If K(G) contains a path of length at least 5, then G can be obtained by
the construction in Lemma 6.

Proof. Assume G contains the configuration shown in Fig. 2. Let H be the graph
obtained from G by removing c, d, and e, making b adjacent to f and g, and
making a adjacent o f. Triangles T, ..., Ts are destroyed by the removal of c, d,
and e. If ag were an =dge of G. then by Lemma 7, af and bg would also be edges.
Then a, ..., g would form a connected ccmponent of G, and the remaining five
vertices could contain at most three triangles. Hence ag is not an edge of G, and
vertices a, b, f, and g do not form a clique in H. It is easy to check, using Lemma
7, that Aabf and Abfg are the only triangles created. Consequently H has clique
size 3 and contains ten triangles. Also, each vertex of H belongs to three
triangles.

Consider how the stable sets of G inteisect {a. .. ., g}. With the excepticn of S,,
any stable set containing a contains d. Hence three stable sets contain both a and
d. Similarly, three stable sets contain both ¢ and g. Since vertex d belongs to S,
and S, it follows that the two remaining stable sets to which d belongs both
contain a and g. Further consideration along these lines shows that G has, in
addition to S,,..., Ss and the two stable sets containing a, d, and g, three stable
sets containing b and e and three siabie sets containing ¢ and f. This accounts for
all thirteen of the stable sets S, of G. This information, alcng with other
information we are about to produce, is represented in Fig. 3.

With the exception of S;, each S, loses a vertex of T in the formation of H
from G. The description of the s:able sets of G shows that the remaining vertice:
of S, i# 3, continue to be mutually non-adjacent, as no stable set of G contain-
both b and g or both a and f. We will call the set of remaining vertices of S;, i# 3.
the image of S,. Since S, is the only stable set of G containing both b and f, the

Stable sets of G Stable sets of 4
S {dg--3 \
Sz <ae-—-3%
S <{bf xy} %‘
Sa {cg-~> »
Ss <{oad-->
[ {adg—7} o < s
{odg—- o
<bexyd o X\ \ p
be——y s
Se ~Si5 ibe.._u? . N
{ef xy b o ~ \sf
ef==r o R
L {Cf_ 2 e °

Fig. 3. Stable sets of G and H, where K(G) has a path of length 4.
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joining of b to f produces in H two stable sets S, and §; of size 3 containing b and
f, respectively. For future reference, let S; = {b, f. x, y}. and note that S, = {b, x, y}
and S;={f, x, y}. Also, note that {b, e, x, y} is a stable set (one of the S, ..., S;3)
whose image is S, and that {c, f, X, y} is a stable set (one of the S, ..., S;3) whose
image is S;.

We now check tha: the stable sets of H have the properties of stable sets in
(3, 3) graphs. Clearly, the stability number of H is 3. The vertices of each stable
set of H together with one of ¢, d, e form a stable set of G. By Remark 2, each
vertex of G except c¢ is an i-vertex for exactly one i in {1,2,3}. Each vertex
except d is a j-vertex for exactly one j in {2, 3, 4}. Consequently, each 1-vertex
except d is vlso a 4-vertex. It follows that §; and S, have the same image.
Similarly, S, and & have the same image. As previously declared, {b,e,x v! has
image S, and {c.f, x, y} has image S;. By referring to the list of stable sets of G
given in Fig. 3, we can now dcduce that therc are no additional agreements
among the images of these stable sets. This fact is depicted in Fig. 3. Hence H
contains exactly ten stable sets. Each vertex of H is a 1, 4-vertex, a 2, 5-vertex, or
a 3-vertex of G. By considering the vertices type by type, we can check that each
vertex of H lies on at most three stable sets of H. Then counting vertex-stable set
incidences in H shows that each ven=x lies in e¥~~*'y three stable sets.

Next, we check that each of the ten triangles of H is disjoint from exactly one
stable set of H, and vice versa. The common image of S, and S, is the only stable
set of H disjoint from Aabf, and the common image of S, and S; is the only
stable set disjoint from Abfg. For 6 <i<13, T, belongs to H, and T, is disjoint
from a stable set of H if and only if that stable set is the image of the stablc set S;
disjoint from T; in G. Thus, each triangle of H is disjoint from a unique stable set.
Sinice the images of Se, . .., S5 together with the images of S, and S, account for
all the stable sets of H, each stable set of H is disjoint from at least one triangle of
H. It follows that the property of being disjoint pairs the triangles and stable sets
of H.

We have now shown that H is a (3, 3)-graph. By Lemma 2, H-a is partitioned
by the triangles of H disjoint from the stable sets of H containing a. Since the
common image of S, and S5 contains a and is disjoint from Abfg, Abfg is in this

Fig. 4. The noimalized (4, 3) graph not constructible by the method of [61.
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Fig. 5. Configuration contained in G, where K(G) has maximum path length 4. Some adjacencies may
not be shown.

partition of H-a by cliques. It follows that we can generate G ‘rom A by the
construction of Lemma 6 by choosing v,, v,, v; and v, to be a, b, f, and g,
respectively.

4. The (4. 3) graphs

The (4, 3) graphs which are obtainable from (3, 3) graphs by the method of
Lemma 6 are listed in [6]. One of these graphs was discovered independently by
H.-C. Huang [3], [11]. The following theorem completes the description of all
normalized (4, 3) graphs.

Theorem. The normalized {4,3) graphs consist of the graph shown in Fig. 4
together with those graphs which can be constructed from (3,3) graphs by the
method of Lemma 6.

Proof. Suppose G is a normralized (4, 3) graph which cannot be constructed from
a (3. 3) graph by the method of Lemma 6. By repeated applications of Remark 2,
one can check case by case that K(G) cannot have maximum path length equal to
1, 2, or 3. Then by Lemma 8, K(G) has maximum path length 4. We may assume
that the configuration shown in Fig. 5 appears in G, where a, ..., h are distinct
vertices. It is straightforward to check that this configuratio gives rise to only one
normalized (4, 3) graph G with K(G) having maximum path length 4.

Acknowledgement
The author wishes to thank V. Chvatal for his drawing of the graph shown in

Fig. 4.

References

[1] C. Berge, Fiarbung von Graphen deren samtliche bzw.. ungerade Kreise sturr sind (Zusammen-
fassung), Wiss. Z. Martin Luther Univ. Halle Wittenberg, Math. Nat. Reihe (1961) 114,



310 S.H. Whitesices

2] C. Berge, Sur une conjecture relative au probleme des codes optimaux, Commun. 13ieme
Assemblée Gén UKSI, Tokyo, 1962.
73] R.G. Bland, H.-C. Huang and L.E. Trotter, Jr., Griptical properties related to minimal
imperfection, Discrete Math. 27 (1979) 11-22.
4] W.G. Bridges. Jr. and H.J. Ryser, Combinatorial designs and related systems, J. Algebra 13
(1969) 432-4456.
{5] V. Chvatal, On the strong perfect graph conjecture, J. Combinatorial Theory (Ser. B) 20 (1976)
139-141.
{6] V. Chvatal, R.1.. Graham, AF. Perold and S.H. Whitesi-les Combinatorial designs related to the
strong perfect graph conjecture, Discrete Math. 26 (1979) 83-92.
[7] C. Grinstead, The strong -rerfect graph conjecture for graphs with maximum degree six, to
appear.
{81 C. Huang and A. Rosa, On the existence of balance.1 bipartite designs, Utilitas Math. 4 (1973)
55-75.
[9] C. Huang, On the existence of balanced bipartite designs II, Discrete Math. 9 (1974) 147-159.
{10] C. Huang, Resolvable balanced bipartite designs, Discrete Math. 14 (1976) 319-335.
[11] H.-C. Huang, Investizations on combinatorial optimization, Cornell University O.R. Dept. Tuch.
Report #308, August 1976.
{12} L. Lovéasz. Normal hypereraphs and the perfect graph conjecture, Discrete Math. 2 (1972)
253-267.
[13] L. Lovas:, A characterizaiion of perfect graphs, J. Combinatorial Theory (Ser. B) 13 (1972)
95-98.
[14] M.W. Pa.lberg, Perfect zero—-one matrices, Math. Programming 6 (1974) 180-196.
{15] K. Parthasarathy and G. Ravindra, The strong perfect graph conjecture is tru: for K, ;-free
graphs, J. Combinatorial theory (Ser. B) 21 (1976) 213-223,
[16] A. Tucker, The strong perfect graph conjecture for planar graphs, Canad. J. Math, 25 (1973}
103-114,
[17] A. Tucker, Coloring a family of circular arcs, STAM J. Appl. Math. 29 (1975) 493-502.
{18] A. Tucker, Critical perfect graphs and perfect 3-chromatic graphs, J. Combinatorial Theory (Ser.
B) 23 (1977) 143-149,

{191 A. Tcker, Berge's strong perfect graph conjecture, Annals New York Academy of Science
(1979) 530-535.



	A Classification of Certain Graphs with Minimal Imperfection Properties
	Dartmouth Digital Commons Citation

	PII: 0012-365X(82)90296-5

