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SIMPLICITY OF ULTRAGRAPH ALGEBRAS

MARK TOMFORDE

ABSTRACT. In this paper we analyze the structure of C*-algebras associated to
ultragraphs, which are generalizations of directed graphs. We characterize the
simple ultragraph algebras as well as deduce necessary and sufficient conditions
for an ultragraph algebra to be purely infinite and to be AF. Using these
techniques we also produce an example of an ultragraph algebra that is neither
a graph algebra nor an Exel-Laca algebra. We conclude by proving that the
C*-algebras of ultragraphs with no sinks are Cuntz-Pimsner algebras.

1. INTRODUCTION

In [23] a generalization of a directed graph, called an ultragraph, was defined.
In analogy with the C*-algebras of directed graphs, it was also shown how to as-
sociate a C*-algebra C*(G) to an ultragraph G. These ultragraph algebras include
the C*-algebras of graphs [T4, [T5, [T, @] as well as the Exel-Laca algebras of []. Fur-
thermore, it was shown that many of the techniques used for graph algebras can be
applied to obtain similar results for ultragraph algebras. This has many important
consequences. First, one can now study Exel-Laca algebras in terms of ultragraphs.
Thus the frequently complicated and cumbersome matrix manipulations involved
in studying Exel-Laca algebras may be replaced by graphical techniques that are
often easier to deal with as well as more visual. In addition, since the classes of
graph algebras and Exel-Laca algebras each contain C*-algebras that are not in
the other, similar results concerning the two classes have often had to be proven
separately for each class. Because ultragraph algebras contain both of these classes,
they provide a context in which these similar results can be proven once and then
applied to the special cases of graph algebras and Exel-Laca algebras.

In this paper we build upon the work in [23] and analyze the structure of C*(G).
Throughout we have two goals. First, we wish to show that graph algebra tech-
niques can be used to obtain many results concerning C*(G) and that many prop-
erties of C*(G) can be read off from the ultragraph G. Second, we wish to convince
the reader that the ultragraph approach provides a more convenient method for
studying Exel-Laca algebras. In their seminal paper [7], Exel and Laca describe
how to associate a graph Gr(A) to a {0,1}-matrix A. Throughout their analysis
many conditions are stated in terms of the graph Gr(A) and it is shown that certain
properties of O4 are reflected in Gr(A). As in [23] we shall associate an ultragraph
Ga to A for which C*(G4) is canonically isomorphic to O 4. We shall show that the
ultragraph G4 provides much of the same information as Gr(A), and in addition
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there are aspects of O4 that can be easily obtained from G4 but not from Gr(A4).
In particular, we examine how the simplicity of O4 is reflected in G4.

After some preliminaries, we begin in §8 by considering the ideals of C*(G) and
determining necessary and sufficient conditions for C*(G) to be simple. Finding
conditions for simplicity in graph algebras and Exel-Laca algebras has been an elu-
sive goal of many authors in the past few years. It was not until recently that
such conditions were obtained, and the preliminary work involved many partial
results as well as high-powered techniques and sophisticated tools. Building on
the simplicity criteria for Cuntz-Krieger algebras [3, Theorem 2.14] conditions for
simplicity of C*-algebras of certain graphs were obtained in [T4, Corollary 6.8] and
similar results for row-finite graphs were obtained in [I, Proposition 5.1]. In [9]
C*-algebras of arbitrary (i.e., not necessarily row-finite) graphs were introduced
and it was shown that transitivity of the graph was a sufficient (but not necessary)
condition for simplicity of the C*-algebra [9, Theorem 3]. In [I1, Corollary 4.5]
it was shown that for graphs in which every vertex emits infinitely many edges,
transitivity was also a necessary condition for simplicity. In addition, Exel and
Laca gave sufficient conditions for simplicity of the Exel-Laca algebras in [[d, Theo-
rem 14.1]. Necessary and sufficient conditions for simplicity of Exel-Laca algebras
were finally obtained by Szymanski in [22, Theorem 8] and his result could be
adapted to give necessary and sufficient conditions for simplicity of C*-algebras of
arbitrary graphs [22, Theorem 12]. His conditions for the Exel-Laca algebras O4
were stated in terms of saturated hereditary subsets of the index set of A, and his
conditions for graph algebras were stated in terms of saturated hereditary subsets
of the graph’s vertices. Shortly afterwards independent results of [I7, Theorem 4]
and [A, Corollary 2.14] also gave necessary and sufficient conditions for simplicity
of graph algebras in terms of reachability of certain vertices in the graph.

In this paper we give necessary and sufficient conditions for an ultragraph al-
gebra to be simple. We state this result in two ways. In Theorem B0 we give
the result in terms of saturated hereditary subcollections, and as one would expect
the result is very much like that of Szymanski’s in [22, Theorem 12]. In addition,
in Theorem BTl we give a characterization of simplicity in terms of reachability
of certain vertices. Although this result contains [I7, Theorem 4] and [, Corol-
lary 2.14] as special cases, it is a much less obvious generalization. We conclude §
with an example showing that the ultragraph G4 is a better tool than the graph
Gr(A) for determining the simplicity of the Exel-Laca algebra O4.

In §] we give necessary and sufficient conditions for C*(G) to be purely infinite
and to be AF. These conditions are stated in terms of the ultragraph G and show
that, as with graph algebras, the structure of C*(G) is reflected in G. Using our
results from the previous section we also show that the dichotomy of simple graph
algebras holds for simple ultragraph algebras; that is, every simple ultragraph al-
gebra is either AF or purely infinite.

In §8 we use the techniques developed in our analysis of ideals in §8 to produce
an ultragraph algebra that is neither an Exel-Laca algebra nor a graph algebra.
This result is important because it shows that the class of ultragraph algebras is
larger than the graph algebras and the Exel-Laca algebras. Hence our results in
this paper and the results of [23] are seen to be more substantial since they hold
for C*-algebras other than just the graph algebras and Exel-Laca algebras.
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We conclude in § by showing that the C*-algebras of ultragraphs with no sinks
may be realized as Cuntz-Pimsner algebras. There is currently much interest in
Cuntz-Pimsner algebras, and since ultragraph algebras are contained in this class
it is possible that they could serve as interesting examples and perhaps provide
greater insight into the study of general Cuntz-Pimsner algebras.

2. ULTRAGRAPH ALGEBRAS

In this section we review the basic definitions and properties of ultragraphs and
their C*-algebras. For a more thorough introduction, we refer the reader to [23].

Definition 2.1. An ultragraph G = (G°,G',r, s) consists of a countable set of vertices
G°, a countable set of edges G', and functions s : G* — G% and r : Gt — P(GY),
where P(G°) denotes the collection of nonempty subsets of G°.

If G is an ultragraph, then a vertex v € G is called a sink if [s~(v)| = 0 and
an infinite emitter if |s71(v)| = co. We call a vertex a singular vertez if it is either
a sink or an infinite emitter.

For an ultragraph G = (G°, G, r, s) we let G° denote the smallest subcollection
of P(GP) that contains {v} for all v € G°, contains r(e) for all e € G*, and is closed
under finite intersections and finite unions. The following lemma gives us another
description of G°.

Lemma 2.2 ([2Z3], Lemma 2.12 ). If G := (G°,G',r,s) is an ultragraph, then

0={ ﬂ r(e) U m YUF: Xy,...,X, are finite subsets of G*
ec X1 eeX,

and F is a finite subset of G°}.
Furthermore, F' may be chosen to be disjoint from (N cx, () U... U cx, 7(€)-

Definition 2.3. If G is an ultragraph, a Cuntz-Krieger G-family is a collection of
partial isometries {s. : e € G'} with mutually orthogonal ranges and a collection
of projections {pa : A € G} that satisfy
(1) po =0, papp = Pans, and paup = pa +pp — panp for all A, B € G°
(2) s%sc = pr(e) forall e € gt
(3) sesi < ps(e) for all e € G
(4) Po =D (e)=p SeSc Whenever 0 < |s7(v)] < oo.
When A is a singleton set {v}, we shall write p, in place of py,.

Definition 2.4. If G is an ultragraph, we let C*(G) denote the C*-algebra generated

by a universal Cuntz-Krieger G-family. It is proven in [23] Theorem 2.11] that
C*(G) exists.

For n > 2 we define G" := {a = a1...a, : a; € G' and s(aiz1) € 7(ay)} and
gr .= UZO:() G™. The map r extends naturally to G*, and we say that « has length
|o| = n when a € G". Note that the paths of length zero are the elements of G°,
and when A € G° we define s(A4) = r(A) = A.
If G is an ultragraph, then a loop is a path a € G* with || > 1 and s(«) € r(«).
An exit for a loop is one of the following:
(1) an edge e € G such that there exists an i for which s(e) € r(a;) but

e# Qi1
(2) a sink w such that w € r(a;) for some 1.
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Condition (L): Every loop in G has an exit; that is, for any loop «a := a1 ...y
there is either an edge e € G' such that s(e) € 7(o;) and e # ;41 for some i, or
there is a sink w with w € r(«;) for some 1.

We mention that versions of the Cuntz-Krieger uniqueness theorem and the
gauge-invariant uniqueness theorem have been proven for ultragraph algebras |23,
Theorem 6.7 and Theorem 6.8].

Definition 2.5. If I is a countable set and A is an I X I matrix with entries in {0, 1},
then we may form the ultragraph G4 := (GY, G}, r, s) defined by GY := {v; : i € I},
GL:=1,s(i)=wv foralli€ I, and r(i) = {v; : Ag(i,j) = 1}.

Note that the edge matrix of G4 is A. If A is a countable {0, 1}-matrix, then
it was shown in [23] Theorem 4.5] that the Exel-Laca algebra Q4 is canonically
isomorphic to C*(G).

In [7] Exel and Laca associated a graph Gr(A) to A whose vertex matrix is equal
to A. Specifically, one defines the vertices of Gr(A) to be I, and for each pair of
vertices 4,7 € I one defines there to be A(4,j) edges from ¢ to j. We shall see that
the ultragraph G4 can often tell us more about the structure of O4 = C*(G) than
the graph Gr(A) can.

3. SIMPLICITY OF ULTRAGRAPH ALGEBRAS

In [T, §4] the ideals of graph algebras were studied using saturated hereditary
subsets of G°. Our methods in this section will be similar, except that we now use
saturated hereditary subcollections of GY. Although we could call these subsets of
GO, we will refer to them as subcollections to emphasize that their elements are
themselves subsets of G°.

Definition 3.1. A subcollection H C G° is hereditary if

(1) whenever e is an edge with {s(e)} € H, then r(e) € H

(2) A,B € H, impliess AUB € H

(3) AeH, Be G’ and B C A, imply that B € H.
Definition 3.2. A hereditary subcollection H C GO is saturated if for any v € G°
with 0 < |s7!(v)| < oo we have that

{r(e):e€ G' and s(e) =v} CH implies {v}€H.

The saturation of a hereditary collection H is the smallest saturated subcollection
H of G° containing H; the saturation H is itself hereditary.

Remark 3.3. Note that if # C G° is a hereditary subcollection with {v} € H for all
v € G°, then H = G°. This is because having H hereditary implies that H contains
r(e) for all e € G', and since H is closed under finite unions and intersections
Lemma then implies H = G°.

Lemma 3.4. Let G be an ultragraph and let I be an ideal in C*(G). Then H :=
{A € G%:py €I} is a saturated hereditary subcollection of G.

Proof. Suppose {s(e)} € H. Then

Ps(e) € 1 == 8¢ = Ps(e)Se € I == Pr(e) = S¢5. € I = 1(e) € H.
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Also, if A, B € H, then
pa,pB € I = paup =pa+pp —papp €l = AUB € H.
Finally, if A€ H, B € G°, and B C A, then
pa€l = pp=pppa €l = BeH

so H is hereditary.
Furthermore, if 0 < |[s7!(v)| < oo and {r(e) : e € G* and s(e) = v} C H, then
{se s e€Gland s(e) =v} C I and p, = 3 (,)—, Sesc € I which implies that

{v} € H. Thus H is saturated. O
For a hereditary subcollection H C G° let I3; denote the ideal in C*(G) generated
by {pa:AeH}.
Lemma 3.5. Let G be an ultragraph and let H be a hereditary subcollection of G°.
Then

I, = span{s,pass 1, € G" and A € H}.
In particular, Iy = Iz7 and I3 is gauge invariant.

Proof. Note that {A € GY : p4 € Iy} is a saturated set containing H and therefore
contains H. Thus J := m{sapAsg ca,B € G*and A € H} is contained in Iy.
For inclusion in the other direction, notice that any nonzero product of the form
Sapasgsypps; collapses to another of the form s,pcs;, and from an examination
of the various possibilities and the hereditary property of H we deduce that J is an
ideal. Since J contains the generators of Iy, it follows that J := I;. The last two
remarks follow easily. O

Lemma 3.6. Let G be an ultragraph for which C*(G) is simple. If H is a saturated
hereditary subcollection of G° and K := {v € G° : {v} € H}, then for any e € G*
we have that r(e) C K implies that r(e) € H.

Proof. If H is empty the claim holds vacuously. If H # (), then since C*(G) is
simple we know that Iy = C*(G) and thus p,() € I3. By Lemma B3 there exist
M € C, ag, Br € G*, and Ay, B € H for 1 < k < n such that

n
”pr(e) - Z /\ksakpAk S,};kH <1
k=1

Furthermore, since

Hpr(e) (pr(e) - Z AksakpAk 5,(*3,6) H < Hpr(e) - Z AksakpAk Szk H
k=1 k=1
we may assume that s(ay) € r(e) when |ag| > 1 and s(ay) C r(e) when |ag| = 0.
(We remind the reader that if |a| = 0, then o = A for some A € G° and s(a) := A.)
Now define B := [J;_; s(ax). Since B C r(e) we see that ¢ := p,) — pp is a
projection. Furthermore,

n n
||q|| = HQ(pr(e) - ZAkSakpAkSz;k) H < Hpr(e) - Z)\ksakpAkSEk” <1
k=1 k=1

and since ¢ is a projection this implies that ¢ = 0. Therefore p,) = pp and
r(e) = B = Up_; s(ag) € H. O
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Lemma 3.7. Let G be an ultragraph for which C*(G) is simple. If H is a saturated
hereditary subcollection of GO, then either H=G° or H = 0.

Proof. Let G = (G°,GY,r,s). Set K :={w € G° : {w} € H} and S := G°\K. We
define an ultragraph F = (F°, F! rx, s7) as follows:
FO.=8 sr(e) :=s(e)
Fli={ecG':r(e)nS #0} rr(e):=r(e)NS
Note that if e € F!, then r(e) NS # 0 so r(e) ¢ H and since H is hereditary it
follows that {s(e)} ¢ H and s(e) € S. Thus sr is well-defined.

Let {s.,pa} be the canonical Cuntz-Krieger F-family in C*(F). For each e € G!
and A € GY define

; s, ifee F! q
= an = .
© 0 otherwise A == Pans

Note that if A € G, then by Lemma 22

A= ﬂ re)u...U m r(e)UF

ec X ec X,
for some finite subsets X1, ..., X, C G' and some finite subset F C G°. Thus if
v X i X c F!
" 10  otherwise

then we see that

AnS= (NS U...u [] (rle)NS)HU(FNS)

eeX ec X,
= ﬂ rr(e)U...U ﬂ rr(e) U(FNS)
eeYy ecY,

which is in F°. Hence ¢4 is well-defined.

We shall now show that {t.,qa} is a Cuntz-Krieger G-family. Clearly, the t.’s
have mutually orthogonal ranges since the s.’s do. Thus we simply need to verify
the four properties of Definition

(1) We have that gy = pp = 0, gaqB = pansPBnS = P(AnB)ns = GAnB, and
JAUB = P(AUB)NS = P(ANS)U(BNS) = P(AnS) + P(BNS) — P(ANS)N(BNS) =
dA + 4B — P(AnB)nNS = 4A + 4B — qAnB.

(2) If e € F!, then tit, = s¥s. = Prr(e) = Pr(e)ns = Gr(e)- On the other hand,
if e ¢ F', then r(e) NS =0 50 q(e) = 0 = tite.

(3) If e € F', then s(e) € S 50 tet} = 5e5; < Psr(e) = se)- On the other
hand, if e ¢ F!, then t.t* = 0 < s(e)-

(4) Let ve G® and 0 < [s71(v)| < oo. If v & S, then {v} € H and r(e) € H so

r(e)NS =0 and
Z tet: =0= Qr(e)-
{e€Gl:s(e)=v}

If v € S, then since s7'(v) C s~!(v) we have that |sZ'(v)| < co. Also
note that r(e) NS = ) implies r(e) € H by Lemma B Thus the fact that
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{v} ¢ H and the fact that H is saturated imply that there is at least one
edge e with 7(e) NS # 0. Hence 0 < |s%'(v)|. Thus

Sooottr= > tti+ > tot?

{e€Gl:s(e)=v} {ecFl:s(e)=v} {e€(G1\F1):s(e)=v}

= Z SeSZ +0= Psxr(e) = ds(e)-
{e€Flisy(e)=v}

Now since {tc,q,} is a Cuntz-Krieger G-family with ¢, = 0 if and only if v ¢ S,
the universal property gives a homomorphism ¢ : C*(G) — C*(F) whose kernel
contains only those projections corresponding to vertices that are not in S. Since
C*(G) is simple, the kernel of ¢ is either C*(G) or {0}. Thus S is either () or G,
and K is either G° or (). Since H is a saturated hereditary subset, this implies that
either H = () or H = G°. O

The following proof is modeled after that of [l Theorem 4.1(c)].

Lemma 3.8. Let G be an ultragraph. If G has a loop with no ezits, then C*(G)
contains an ideal Morita equivalent to C(T).

Proof. Let C*(G) = C*({Se,pa}) and & = 1 ..., be a loop in G with no exits.
This implies that r(a;) = {s(ai41)} for 1 < i < n, and r(ay) = {s(a1)}. In
particular, the a;’s have ranges that are singleton sets. Define X := {s(a;)}"_, and
qx = Y ,ex Pv- If H equals the (finite) collection of all subsets of X, then H is a
hereditary subset of G°. We shall show that I3y = Iz is Morita equivalent to C(T).

Define G' := {a;}", and let G be the graph G := (X,G,r,s). We claim
that ¢x I77qx is generated by the Cuntz-Krieger G-family {sc,p, : e € G've X}
Certainly this family lies in the corner. On the other hand, if o, 8 € G* and A € GO,
then quapAsqu = 0 unless both « and 8 have sources in X. Thus the claim is
verified and the gauge-invariant uniqueness theorem for C*-algebras of graphs [,
Theorem 2.1] implies that gx/lzqx = C(G). To see that this is a full corner of
I3, suppose that J is an ideal in I3 containing qxIzgx. Then J is an ideal of
C*(G) and Lemma B implies that {4 € G° : pa € J} is a saturated hereditary
subcollection containing {{v} : v € X} and hence containing H. But this implies
that J contains the generators of Iz and hence is all of I7.

Therefore, I7; is Morita equivalent to C*(G). Since G is a loop of length n, we
see from [I5, Theorem 2.4] that C*(G) = C(T)® M,,(C) which is Morita equivalent
to C(T). O

Lemma 3.9. Let G be an ultragraph such that C*(G) is simple. Then every loop
in G has an exit.

Proof. If G contained a loop with no exits, then Lemma B8 would imply that C*(G)
contains an ideal Morita equivalent to C(T). Hence C*(G) could not be simple. [

The following is a generalization of [22, Theorem 8]

Theorem 3.10. If G is an ultragraph, then C*(G) is simple if and only if G satisfies:

(1) every loop in G has an exit
(2) the only saturated hereditary subcollections of G° are GY and ().
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Proof. Suppose that C*(G) is simple. Then Lemma B implies that every loop in
G must have an exit. Furthermore, if H is a saturated hereditary subcollection of
GO, then it follows from Lemma B that either H = G° or H = 0.

Conversely, suppose that G satisfies the two properties above. If I is an ideal
in C*(G), then Lemma B4 tells us that H := {A € G° : p4y € I} is a saturated
hereditary subcollection of G°. Hence H equals either GO or . If H = G, then
clearly I = C*(G). On the other hand, if H = (, then since every loop in G has
an exit we may use the Cuntz-Krieger Uniqueness Theorem to conclude that the
projection 7 : C*(G) — C*(G)/I is injective, and thus I = {0}. O

Recall from [, Corollary 2.15] and [I7, Theorem 4] that if G is a graph, then
C*(G) is simple if and only if every loop in G has an exit, G is cofinal, and G° > {v}
for every singular vertex v € G°. We shall use the previous theorem to obtain an
analogous characterization for ultragraph algebras. Recall that infinite emitters in
a graph correspond to infinite sets of the form r(e) € G°. In fact, if G is a graph
with vertex matrix A, then in the ultragraph G, the set r(e) is finite for all e € G}
if and only if G has no infinite emitters.

We first extend the notions of > and cofinality to ultragraphs. If G is an ultra-
graph and v,w € G°, we write w > v to mean that there exists a path a € G*
with s(a) = w and v € r(a). Also, we write G° > {v} to mean that w > v for all
w € GY. We say that G is cofinal if for every infinite path a := ejes ... and every
vertex v € G there exists an i € N such that v > s(e;).

In addition, we need a new notion of reachability. If v € G° and A C GO, then
we write v — A to mean that there exist a finite number of paths a1,...«a, € G*
such that s(a;) = v forall 1 <i<nand A C |J_, 7(e;). Note that if A = {w},
then v — {w} if and only if v > w.

Theorem 3.11. If G is an ultragraph, then C*(G) is simple if and only if G satisfies:

(1) every loop in G has an exit

(2) G is cofinal

(3) G° > {w} for every singular vertex v € G°

(4) Ife € G is an edge for which the set r(e) is infinite, then for every w € G°
there exists a set A, C r(e) for which r(e)\ A, is finite and v — Ay, .

In order to prove this result we need a lemma.

Lemma 3.12. Let G be an ultragraph and let H C GY be a hereditary subset. Set
Ho :=H and for n € N define

Hpy1 :={AUF: A€ H, and F is a finite subset of Sy}
where S, == {w € G°: 0 < |s7}(w)| < o0 and {r(e) : s(e) = w} C H,}. Then

7=
=0

and every X € H has the form X = AU F for some A € H and some finite set
FC Ufil Si.

Proof. To see that Uioio H; C H, first note that Ho C H. Also whenever H,, C H,
then because H is saturated we have that ' € H for any finite subset F' C S,,, and
hence H, 1 C H. Thus by induction we have H,, C H for all n.
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To see that H C Ufio H; we shall show that U;’io H; is a saturated hereditary
subcollection. We shall begin by proving inductively that each #; is hereditary.
For the base case, we have by hypothesis that Ho := H is hereditary. Now assume
that H,, is hereditary and consider H, 1. If {s(e)} € H,11, then by the definition
of H,41 either {s(e)} € H, or s(e) € S,. In either case, r(e) € H,, C Hpt1. To
see that H, 11 is closed under subsets, Let A3 U F; and As U Fy be typical elements
of Hn+1- Then (Al U Fl) U (AQ U F2) = (Al @] AQ) @] (F1 U F2) which is in Hn+1
because H,, is closed under unions. Finally, suppose that AU I is a typical element
of H,y1 and that B € G° with B C AUF. Then AN B C A and since H,, is
hereditary ANB € H,, C Hpt1. Also, BN F C F so BN F'is a finite subset of .S,,.
Thus B= (BNA)U(BNF) € Hpt1 and Hp41 is hereditary.

Since |J;=, H; is the union of hereditary sets, it follows that (J;°,H,; itself is
hereditary. To see that |J;°,H; is also saturated, let v € G° be a vertex with
0 < [s7*(v)] < oo and {r(e) : s(e) = v} C UjeyHi. Since H; C Hit1 and since
there are only finitely many edges with source v, we see that there exists n € N
such that {r(e) : s(e) = v} € H,. Thus v € S, and {v} € Hp41 € ;2 Hi. Hence
UiZ Hi is saturated.

Therefore H = |J;,H; and to prove the claim, we let X € J7°,H;. Then
X eH, forsomen € Nand X = A,_1 UF,,_ for some A,,_1 € H,_1 and some
finite subset F,,_1 C S,,—1. Similarly, A,,_1 = A,_2 U F,,_5 for some A,,_5 € H,_o
and some finite subset F,,_o C S,_o. Continuing inductively we see that A =
Ao U (Fy,—1 U...U Fy) where the F;’s are all finite sets. O

Proof of Necessity in Theorem [ZI1l Suppose that C*(G) is simple. By Theo-
rem B0 we see that every loop in G has an exit and the only saturated hereditary
subsets of G° are G° and ().

Let a = ejey. .. be an infinite path and set K := {w € G° : w # s(e;) for all i}.
Also define H := {A € G° : A C K}. Then one can verify that # is a saturated
hereditary subcollection of G°. Since {s(e1)} ¢ H we see that H is not all of G°.
Thus H = () and G is cofinal.

Let v € GY be a singular vertex. Fix any vertex w € GY and define K :=
{x € G :w>ux} Alsolet H:={A € G’: AC K} Then H is a hereditary
subcollection of GY. If H is the saturation of H, then #H is nonempty because
{w} € H. Hence H = G°. Now, using the notation of Lemma 12 we see that
v ¢ S; for all i because v is a singular vertex. Therefore it follows from Lemma B2
that {v} € H implies that {v} € H. Thus v € K and w > v. Hence G° > {v}.

Let e € G! be an edge such that r(e) is an infinite set. Fix w € G® and set
H:={A € G’:w— A}. To see that H is hereditary suppose that {s(f)} € H.
Then w — {s(f)} and hence v > s(f). Thus there exists a path § with s(8) = w
and s(f) € r(5). But then we see that w — r(f) via the path 8f. Additionally, it
is easy to see that H is closed under unions and subsets. Since {w} € H, it follows
that H is nonempty, and hence H = G°. Thus r(e) € H. By Lemma BI2 it follows
that r(e) = A, U F for some A,, € H and some finite set F. But then w — A,
and r(e)\ A, is finite. O

Proof of Sufficiency in Theorem [Z11l. Suppose that G satisfies the four conditions
stated in Theorem BT1l In light of Theorem BI0 it suffices to show that the only
saturated hereditary subcollections of G° are ) and G°.
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Let H be a nonempty saturated hereditary subcollection of GY. We shall show
that for every w € G° with {w} ¢ H there exists an edge e € G! such that s(e) = w
and r(e) contains a vertex w’ for which {w'} ¢ H.

If {w} ¢ H, then since G° > {v} for every singular vertex v it follows that w
is not a singular vertex. Therefore, since H is saturated, there exists an edge e
such that s(e) = w and r(e) ¢ H. If r(e) is finite, then because H is closed under
unions, there must exist a vertex w’ € r(e) such that {w'} ¢ H. If r(e) is infinite,
then choose some x € G for which {z} € H. Then there exists A, C r(e) such
that w — A, and r(e)\A; is a finite set. Let a1,...,a, be paths with s(a;) =
and A, C [J;_, r(a;). Since H is hereditary, it follows that ), 7(e;) € H. Now
we must have that one of the vertices in r(e)\A, is not in H. For otherwise,
r(e)\Ay € H and |J;_, r(a;) U (r(e)\A;) is an element in H containing r(e) which
contradicts the fact that r(e) ¢ H.

Now suppose that there exists w; € G° such that {w;} ¢ H. From the argument
in the preceding paragraph there exists an edge e; and a vertex ws such that
s(er) = wy, wy € r(er), and {we} ¢ H. Continuing inductively, we create an
infinite path ejezes ... with {s(e;)} ¢ H for all i. But this contradicts the cofinality
of G. Hence H must be all of G°. O

Remark 3.13. Note that if G is an ultragraph with two sinks v; and vy, then vy z Vg
and hence G° # vo. Therefore if G is an ultragraph with two or more sinks, then
C*(G) is not simple. In addition, if G has exactly one sink and C*(G) is simple,
then G contains no infinite paths because the sink is unable to reach any infinite
path.

Ezxample 3.14. Let G be the ultragraph

Vo

Since any loop in G must contain the edge e, we see that every loop has an exit. In
addition, let H be a saturated hereditary subcollection of G°. If H is nonempty, then
there is some singleton set {v} € H for v € GY. Because H is hereditary and because
each v; can be reached from any other vertex, we see that H must contain {v;} for
1 < i< oo. Since s(e) = v1 and {v1} € H it follows that r(e) = {va,vs, v4,...} € H.
Hence r(f) = {vi,v2,v3,...} ={v1} Ur(e) € H. Since H is saturated we also have
that {vo} € H. Thus H contains r(e), r(f), and {v} for all v € G°. Consequently
H = G°. Tt follows from Theorem B0 that C*(G) is simple.

Ezxample 3.15. Consider the infinite matrix

A:

[elelelelel ol
[=lelel el
+ QOO
OHOOKH
HOOORH
[=lelelel g

The graph Gr(A) associated to A is
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Vo

Since vg is an infinite emitter, we see that H := {v1,v9,vs,...} is a saturated
hereditary subset of GO that gives rise to a nontrivial ideal. Therefore C*(Gr(A))
is not simple.

However, the ultragraph G4 associated to A is the ultragraph shown in Exam-
ple BT4 and as we saw there C*(G4) is simple. Note that G4 has no infinite
emitters or sinks, and in fact, [s7!(v)| = 1 for all v € G°. It then follows from [23,
Theorem 4.5] that C*(Ga) = O 4. Thus O4 is simple.

This example shows that the ultragraph G4 is a better tool for studying O4 than
the graph Gr(A4). As we saw, the fact that O 4 is simple is reflected in the ultragraph
Ga, but it is difficult to see from the graph Gr(A). In addition, C*(Gr(A)) is very
different from Q4 whereas C*(G4) =2 Og4.

4. AF AND PURELY INFINITE ULTRAGRAPH ALGEBRAS

Theorem 4.1. Let G be an ultragraph. Then C*(G) is an AF-algebra if and only
if G has no loops.

Proof. Let F be a desingularization of G [23, Definition 6.3]. Then since the class
of AF-algebras is closed under stable isomorphism [6, Theorem 9.4], and since F
has loops if and only if G has loops, we see that it suffices to prove the claim for
ultragraphs with no singular vertices.

Suppose G has no singular vertices. If G has no loops, then write G' := 77 | F,
as the increasing union of finite subsets F,,, and let B, be the C*-subalgebra of
C*(G) generated by {s. : e € F,}. By [23, Corollary 5.4] there are isomorphisms
¢n : C*(GF,) — By. Since G has no loops, it follows from [23, Lemma 5.6] that
each Gp, has no loops. Since G, is a finite graph with no loops, C*(Gp,) = B,
is a finite-dimensional C*-algebra [I5, Corollary 2.3]. Because G has no singular

vertices, the s.’s are dense in C*(G) and C*(G) = J,—, Bn. Thus C*(G) is the
direct limit of finite-dimensional C*-algebras, and consequently C*(G) is an AF-
algebra.

Conversely, suppose that G has a loop a := a3 ... a,.
CASE I: a has an exit.

Because G has no sinks, we may assume without loss of generality that there
exists an edge f € G! with f # oy and s(f) € 7(a,,). Now

Pr(e) = SZSQ ~ SQSZ < Soqszl < Salszl + st; < Ps(a) < Pr(a)

and so py(q) is an infinite projection. Since a projection in an AF-algebra is equiv-
alent to one in a finite-dimensional subalgebra it cannot be infinite. Hence C*(G)
is not AF.
CASE II: « has no exits.

Since G has no sinks, it follows from Lemma that C*(G) contains an ideal
Morita equivalent to C(T) which is not AF. Hence C*(G) cannot be AF. O
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We say that a vertex w connects to a loop a := « ..., if there exists a path
v € G* with s(y) = w and s(a;) € () for some 1 < i < n. Note that if w is a sink
on a loop (i.e. w € r(w;) for some 7), then w does not connect to a loop.

Lemma 4.2. Let G be an ultragraph with no singular vertices and let A be the edge
matriz of G. If every vertex in G connects to a loop, then every vertex in Gr(A)
connects to a loop.

Proof. Let a be a vertex in Gr(A). Then a € Gr(A)? = G'. Choose any vertex
w € G° with w € r(a). By hypothesis, w connects to a loop o = oy ...a, in G.
Without loss of generality we may assume that there exists a path v = ~v1...vm,
in G with s(y) = w and s(aq) € r(y). Now since A(a;,a;q1) = 1 for 1 < ¢ <
n — 1 and A(ay,a1) = 1, we see that there exists a loop in Gr(A) with vertices
a1, ...oy. Furthermore, since A(a,v1) =1, A(y;,vit1) = 1for 1 <i<m —1, and
A(Ym,a1) = 1 we see that there is a path in Gr(A4) from a to this loop. O

In [2] Cuntz introduced the algebras O,, and proved that they were simple and
had a property which he called “purely infinite”. Since that time the property of
being purely infinite has been reformulated in a number of ways for simple C*-
algebras, and this has caused some problems in deciding how to extend the notion
to the non-simple case. In fact, various authors have used different definitions of
purely infinite for non-simple C*-algebras, and although these definitions agree in
the simple case, they are not equivalent in general. In this paper we shall use the
definition that was used in [T5], [, and [I]:

Definition 4.3. A C*-algebra A is purely infinite if every nonzero hereditary subal-
gebra of A contains an infinite projection.

A competing definition is due to Kirchberg and Rgrdam [I3]: Every nonzero
hereditary subalgebra of every quotient of A contains an infinite projection. Note
that the definition that we use is weaker than this, but that both definitions agree
in the simple case.

Theorem 4.4. Let G be an ultragraph. Then C*(G) is purely infinite if and only
if every loop in G has an exit and every vertex in G connects to a loop.

Proof. If G contains a loop without an exit, then Lemma tells us that C*(G)
contains an ideal Morita equivalent to a commutative C*-algebra. Since ideals are
hereditary subalgebras this implies that C*(G) is not purely infinite.

Now suppose that every loop in G contains an exit, but that there is a vertex
v € G° that does not connect to a loop. Let F* := {w € G° : v > w} and
Fl:={e e G':s(e) € F'}. Note that e € F! implies r(e) C F°, and thus r and
s restrict in such a way that we may form the ultragraph F := (F°, F! r, s). Let
{s¢,pa} be the generating Cuntz-Krieger G-family. Then Lemma implies that
F° C G° This combined with the fact that s(e) € F° implies e € F° shows that
{8¢,pa e € FY A € FO} C C*(G) is a Cuntz-Krieger F-family. Since v does not
connect to a loop, we see that F has no loops and hence F satisfies Condition (L).
Thus by the Cuntz-Krieger uniqueness theorem [23, Theorem 6.7], we see that
C*(F) is isomorphic to the subalgebra B := M{sapAsE ca,B € FO A e FO).
We shall show that this subalgebra is hereditary. Let o, 8,7,6 € F* and A, B € F°.
Then for any p,v € G* and C € G° we see from a consideration of cases that
saPaSs(supcs,)sypps; will have the form scpps;, for some €,0 € F* and D € FO.
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Since these elements span dense subsets in C*(G) and B, we see that for all b,b’ € B
and a € C*(G) we have bab’ € B. It follows from [I6, Theorem 3.2.2] that B is
hereditary. But now, since F does not contain any loops, Theorem Bl implies that
C*(F) 2 B is AF. Hence C*(G) cannot be purely infinite.

Conversely, suppose that G is an ultragraph in which every loop has an exit
and every vertex connects to a loop. Let F be a desingularization of G [23, Def-
inition 6.3]. Then F satisfies Condition (L) if and only if G does, and also every
vertex in F connects to a loop if and only if every vertex in G connects to a loop.
Since C*(G) is isomorphic to a full corner of C*(F) and because pure infiniteness
is preserved by passing to corners, it therefore suffices to prove the converse for
ultragraphs with no singular vertices.

Let us therefore assume that G has no singular vertices. If A is the edge matrix
of G, then it follows from |23, Theorem 4.5] that O4 = C*(G). Now since G satisfies
Condition (L), it follows from [23, Lemma 5.8] that Gr(A) satisfies Condition (L).
Also, since every vertex in G connects to a loop, it follows from Lemma that
every vertex in Gr(A) connects to a loop. Therefore, [7, Theorem 16.2] implies that
04 = C*(G) is purely infinite. O

Proposition 4.5 (The Dichotomy). Let G be an ultragraph for which C*(G) simple.
Then

(1) C*(G) is AF if G has no loops.
(2) C*(G) is purely infinite if G contains a loop.

Proof. Since C*(G) is simple, it follows from Theorem BTl that G is cofinal and
satisfies Condition (L). If G has no loops, then C*(G) is AF by Theorem 1l If G
has a loop, then every vertex connects to that loop due to cofinality, and C*(G) is
purely infinite by Theorem EZl O

5. AN ULTRAGRAPH ALGEBRA THAT IS NEITHER AN EXEL-LACA ALGEBRA NOR
A GRAPH ALGEBRA

It was shown in [23, Proposition 3.1] that graph algebras are ultragraph algebras
and in [23, Theorem 4.5] that Exel-Laca algebras are ultragraph algebras. Here
we show that this containment is strict. We provide an example of an ultragraph
algebra that is neither an Exel-Laca algebra nor an ultragraph algebra.

Let A be the countably infinite matrix

1001111
0101111
0011111
1001000
A= 0100100
0010010
0001001

Lemma 5.1. If A is as above, then Ko(O4) 20 and K1(Ox) X Z & Z.

Proof. Let I be the index set of A, and let 2% denote the subring of £°°(I) generated
by the rows p; of A and the point masses d;. If we let A" — I : @;Z — R, then
[8, Theorem 4.5] implies that Ko(Oa) 2 coker(A" — I') and K1(O4) = ker(A' —I).
Now
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At —T =

HEEEOOO
HRRROOO
HRRROOO

i elelelolelol oy
[elelelelel je]
[elelelel deolw]
[elelel Helel]

Let us examine ker(A* — I). When (A* — I)(xy,x2,...) = 0, then

$4:0
$5:0
IGZO

T+ o+ 23+27=0
1 +x9+2x3+23 =0
1+ 29+ 2x3+29 =0

If (z1,29,...) € @, Z, then xz,, is eventually zero, and the above equations reduce
to w1 + 22 + 23 = 0 and x; = 0 for i > 4. Hence ker(A* — I) is generated by
(—1,1,0,0,0,...) and (—1,0,1,0,0,...) and ker(A*—1TI) has rank 2. Thus K1(O4) =
ker(A' — 1) 2 Z @ 7.

Next we shall show that A* — I maps onto R. Since fR is a ring generated by
{pi, 6;} we see that R equals the collection of all sums of products of the p;’s and d;’s.
But for the matrix A above, any product of the p;’s and ¢;’s may be written as a sum
of (0,0,0,1,1,1,...) and the d;’s. Hence R = span;{(0,0,0,1,1,1,...),d; : ¢ € T}.
But, (A* —I)6;43 = §; and (A* —I)6; = (0,0,0,1,1,1,...), so A — I maps onto fR.
Hence K¢(Oa) = coker(A* — I) 2 0. O

For the matrix A above, let G := (G°, G, r, s) be the ultragraph G4 of Defini-
tion ZAl We define an ultragraph F by adding a single vertex {w} to G and a

countable number of edges with source w and range G°. More precisely, we define
F = (F° F! r s) by

FO .= {w}uGg® Fli={e;}2,ug!

and we extend r and s to F! by defining s(e;) = {w} and r(e;) = G for all
1 <1< o0

Note that G is unital because G° € G° [23, Lemma 3.2]. Since r(e;) = G° € G4
for all i we see from Lemma that 70 = {AU{w} : A € G°L UG Tt follows
that F is also unital. Also note that G is transitive in the sense that = > y for all
x,y € GY.

Lemma 5.2. Let F be the ultragraph described above and let H := G°. Then H is
a saturated hereditary subcollection of F°, the ideal I3y <C*(F) is Morita equivalent
to Oa, and C*(F)/Iy = C.

Proof. Let {s¢,pa} be the generating Cuntz-Krieger F-family in C*(F). We shall
first show that I is Morita equivalent to C*(G). Note that since F° = {A U
{w} : A€ G'LUG® {s¢,pa} restricts to a Cuntz-Krieger G-family. Now I =
span{sapasy : a, € F*and A € G} by Lemma BA If we let p := pgo, then
p € Iy, and pgolypeo is generated by {s¢,pa : e € Gt and A € GU}. Since G is a
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transitive ultragraph that is not a single loop, we see that G satisfies Condition (L).
It then follows from the Cuntz-Krieger Uniqueness Theorem [23, Theorem 6.7] that
C*(G) = Iy. All that remains to show is that pIyp is a full corner of I3. Suppose
that J is an ideal in I, containing pIxp. Since pgopapgo = pa for all A € GO we
see that {pa : A € G'} C J. But then J contains the generators of I3, and J = I.
Hence the corner is full and Iy is Morita equivalent to C*(G).

We shall now show that C*(F)/Iy = C. To do this we shall first show that
pw ¢ Iy. If it was the case that p, € Iy = m{sapAs;; ca,8 € FLA e FUY,
then we could find a linear combination such that

n
[pw — Z )\k?sakpAkSEk | <1
k=1

Also since

n n
2w (P = - Aksanpacsh, )| < Ipw = D Mesapansh, |
k=1 k=1

we may assume that |a| > 1 and s(ay) € r(e). Let F be the (necessarily finite)
set of edges that are the initial edge of an «;. Because w is an infinite emitter, it
follows that g := py, — . cp Ses5 is a nonzero projection. Hence

n n
Ipw = > MeSappa,shll > ||Q(Pw -3 AksakpAkSZEk) | =llqll =1
k=1

k=1 —
which is a contradiction. Therefore p,, ¢ H, and C*(F)/Iy is generated by the
projection p,, + I;. Consequently, C*(F)/Iy = C. O

The ideas in the proof of the following proposition were suggested by Wojciech
Szymanski.

Proposition 5.3. The ultragraph algebra C*(F) is not an Exel-Laca algebra.

Proof. Recall that a character for C*(F) is a nonzero homomorphism ¢ : C*(F) —
C. We shall show that there is a unique character on C*(F). Let {se¢,pa} be a
generating Cuntz-Krieger F-family.

Since C*(F)/Iy = C by Lemma we see that the projection = : C*(F) —
C*(F)/Iy is a character. We shall now show that this character is unique. Let
€ : C*(F) — C be a character. Set I = kere. Then [ is a nonzero ideal and H :=
{A € F°: py € I} is a saturated hereditary subcollection. Since G is transitive,
we see that F satisfies Condition (L). Therefore, the Cuntz-Krieger Uniqueness
Theorem [23, Theorem 6.7] implies that kere contains one of the pa’s, and H is
nonempty. Because H is nonempty and G is transitive, it follows that G° C H.
Now since ¢ is nonzero, we cannot also have {w} in H. Therefore, H = G°, and
this implies that p, € I for all v € G° and s, = Sepr(e) € I for all e € F!. Since
C*(F) is generated by {s.:e € F'}U{p, :v € F* =G U {w}}, and

€(pw) =€(s¢) =0  forallwe G° and e € F*

we see that € is completely determined by its value on p,,. Because p,, is a projec-
tion, €(py) = 1. Thus € is unique.

Now if C*(F) was an Exel-Laca algebra, then C*(F) would be generated by
an Exel-Laca family {S;}. Let v be the gauge action on this Exel-Laca algebra.
Because there is a unique character e on C*(F), we see that eoy, = ¢ for all z € T.
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Also, since € is nonzero, €(S;) # 0 for some i. Thus €(S;) = €(7.(S5;)) = z¢(S;) for
all z € T which is a contradiction. ]

Proposition 5.4. The ultragraph algebra C*(F) is not a graph algebra.

Proof. Let H := G°. Then H is a saturated hereditary subcollection of F°. The
short exact sequence 0 — Iy — C*(F) — C*(F)/Iy — 0 induces the following
cyclic six term exact sequence for K-theory:

Ko(Iy) ——— Ko(C™(F)) —— Ko(C*(F)/In)

T l

Ky(C(F)/ ) «—— K1(C*(F)) ¢ K1(Iy)

It follows from Lemma that C*(F)/Iy = C. Thus Ko(C*(F)/Iy) = Z and
K1(C*(F)/Iy) = 0. Also, Lemma B2 tells us that Iy is Morita equivalent to O4,
and it then follows from Lemma Bl that Ko(I3) =2 0 and Ky (I%) 2 Z & Z. Thus
the above exact sequence becomes

0—— Ko(C*(F) —— Z—— Z & Z—— K1(C*(F)) —— 0

and rank Ko(C*(F)) < rank K1 (C*(F)).

Now we see that FO = G° U {w} € F° and thus C*(F) is unital. Therefore,
if C*(F) were the C*-algebra of a graph, then this graph would have to have a
finite number of vertices. It then follows from [[9, Theorem 3.2] that there exists
an exact sequence

0— Ki(C*F) — Py Z— P,y Zd Py Z —— Ko(C*(F)) ——0

for some finite sets V and W. Hence rank K;(C*(F)) < rank Ko(C*(F)), which is
a contradiction. g

Corollary 5.5. If F is the ultragraph described above, then C*(F) is neither an
Exzxel-Laca algebra nor a graph algebra.

6. VIEWING ULTRAGRAPH ALGEBRAS AS CUNTZ-PIMSNER ALGEBRAS

Let X be a Hilbert bimodule over a C*-algebra A, in the sense that X is a right
Hilbert A-module with a left action of A by adjointable operators. In [I8] Pim-
sner described how to construct a C*-algebra Ox from X. These Cuntz-Pimsner
algebras have been shown to include many classes of C*-algebras and consequently
have been the subject of much attention. Pimsner originally showed that for appro-
priate choices of X and A, the Cuntz-Pimsner algebras included the Cuntz-Krieger
algebras [I8, §1 Example 2] as well as crossed products by Z [I8, §1 Example 3].
Since that time it has also been shown that the C*-algebras of graphs with no sinks
[9, Proposition 12] and the Exel-Laca algebras [ZI, Theorem 5] may be realized as
Cuntz-Pimsner algebras.

In this section we show that the C*-algebras of ultragraphs with no sinks may
also be realized as Cuntz-Pimsner algebras using a construction similar to that
in [21]. Let G = (G°,G',r,s) be an ultragraph with no sinks. Define A to be
the C*-subalgebra of C*(G) generated by {pa : A € G°}. Note that since the
pa’s commute and {p4 : A € G°} is closed under multiplication, it follows that
A = span{ps : A € G°}. Also let X := span{s.pa : e € G1,A € G°}. Then X
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has a natural Hilbert A-bimodule structure with the right action given by right
multiplication, the left action given by left multiplication, and the A-valued inner
product given by (x,y)4 := z*y.

We shall let ¢ : A — L(X) denote the map given by the left action; that is,
¢(a)(z) := ax. We shall also let K£(X) denote the compact operators on X and

J(X) = ¢~ H(K(X)).

Theorem 6.1. If X is the Hilbert bimodule defined above, then Ox is canonically
isomorphic to C*(G).

Proof. Using the language of [I0], let (kx, k4) be a universal Toeplitz representation
of X in Ox which is Cuntz-Pimsner covariant (i.e. coisometric on J(X)). We shall
show that {kx(s.),ka(pa)} is a Cuntz-Krieger G-family in Ox.

Since k 4 is a homomorphism, we trivially have k4 (papp) = ka(pa)ka(pp) and
ka(paus) = ka(pa) + ka(ps) — ka(panp). Because (kx,ka) is a Toeplitz rep-
resentation we have kx (sc)*kx (se) = ka((se, Se)a) = ka(sise) = ka(pr(e)). Also
ka(Pse))kx (se) = kx(ps(eyse) = kx(se) s0 kx(se)kx(se)” < ka(psee)). Finally,
if v is the source of finitely many vertices, then p, = Zs(e):v sest and @(p,) =
Zs(e):v Os, s, - It then follows from the fact that (kx, k4) is Cuntz-Pimsner covari-

ant that ka(p,) = k3 (6(p0) = k% (Dm0 Osers) = Voo bix (se)kix (s6)".
Hence {kx(se),ka(pa)} is a Cuntz-Krieger G-family and the universal property

of C*(G) gives a homomorphism ® : C*(G) — Ox with ®(s.) = kx(s.) and
®(pa) = ka(pa).

Let ¢ : X — C*(G) and 7 : A — C*(G) be the inclusion maps. Then (¢, 7) is a
Toeplitz representation. To see that (¢, 7) is also Cuntz-Pimsner covariant, let a €
A with ¢(a) € K(X). Then ¢(a) = lim )" AxOg, 4, and hence a = lim ) Mgz} ys.
But then

(¢ = hmz MM (O, 4 ) = 1imz et (wr) (k)
= limz ATy = a = 7(a).

Since (¢, ) is a Toeplitz representation which is Cuntz-Pimsner covariant, the
universal property of Ox [[0} Proposition 1.3] implies that there is a homomorphism
®' : Ox — C*(G) which commutes with (¢, 7). But then ®'(ka(pa)) = m(pa) =
pa and D' (kx(se)) = ¥(se) = se so ® and @’ are inverses for each other. O

In the remainder of this section we shall give a description of J(X) := ¢~ (K(X))
in terms of the ultragraph.

Lemma 6.2. If X is the Hilbert bimodule of an ultragraph G, then ¢(a) € K(X)
implies a € Span{s.pas} e, f € G, Aegl).

Proof. Since X :=span{scpa : e € G', A € G°} we have K(X) =5pan{Os,p, s,pp :
e, f € GA, B € G} If ¢(a) € K(X), then for any € > 0 there exists a finite linear
combination with ||¢(a) — > O pa s;psll < € Thus

¢(a) ZGSePA75fPB ) = llaz — ZSePAﬂBSf‘TH <e€

for all z € X. Hence |la — >~ scpanps}|| < € and the claim is proven. O

Throughout the following whenever B, C € G° we shall let Q(B,C) := pp — papcC.
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Lemma 6.3. If Ay,..., A, € G, then
> QNierAi,UigrAi) = 1.

IC{1,..n}

Proof. Induct on n. Multiply the formula for n = &k by pa, , + (1 —pa,,,)- O

Lemma 6.4. If Y} \ipa, is a finite linear combination with Ay, € G° for all k,
then

n
Z Aepa, = Z arQ(MierAi, Uigr Aq)
k=1 IC{1,..n}

where ay 1= Ziel Ai. Consequently 22:1 AkPa, can be rewritten as a linear com-
bination of mutually orthogonal projections of the form Q(B,C) with B,C € G°.

Proof. For convenience of notation, let N,, := {1,...n}. We shall prove the claim
by induction on n. For n = 1 the equality holds easily. Therefore, assume the
equality is true for n and we shall prove it for n + 1.

> w4 U 4

ICNp41 el iGNn+1\I
= > a4, U 40+ D (ar+xn)Qnn( 4, J 4)
ICNn i€l GENn NI ICN,, i€l {ENL\I

= E : A1PnierA; = AIPNie1 AiPUsen, | \1 A
ICN,,

+ E (CL[ + )‘n+1)(pﬁi€IAipAn+1 _pﬁieIAipAn+1pU¢eNn\1Ai)
ICNy,

= E : AIPNierAs — AUIPNicr A; (pUiGNn\IA'L + DAt _pAn+1pUiENn\IAi)
ICN,,

+ E (CL[ + )‘n+1)(pﬁi€IAipAn+1 _pﬁieIAipAn+1pU¢eNn\1Ai)
ICNy,

= E ArPnierA; — a]pﬁieinpUieNn\IAi
ICN,

+ E An+1 (pﬂieIAipAn+1 _pmieIAipAn+lpUi€Nn\IAi)
ICN,

n
= E :)\kpAk + )\n+1pAn+l E (pﬂieIAi _pmiEIAipUieNn\IAi)
k=1 ICN,

n+1

= Z )\kpAk
k=1

where this last line follows from Lemma
The final claim follows from the fact that the terms Q(M;erAi,U;grA;) and
Q(NicsAi, Uijg 7 A;) are orthogonal when I # J. O

Proposition 6.5. If G is an ultragraph with no sinks and X is the Hilbert bimodule
defined above, then

¢~ H(K(X)) = span{p, : v € G° and v is not an infinite emitter}.



SIMPLICITY OF ULTRAGRAPH ALGEBRAS 19

Proof. Let I denote the right hand side of the above equation. If v € G is not
an infinite emitter, then p, = > ,)_, sesz and ¢(py) = > )=, Os..s. € K(X).
Hence I C ¢~ }(K(X)).

To see the reverse inclusion let a € A and ¢(a) € K(X). Choose ¢ > 0.
Since A = span{ps : A € G°}, Lemma implies that there exists a finite lin-
ear combination 22:1 A Q(By, Ck) with the Q(Bg, C)’s mutually orthogonal and
la — > r_ MQ(By, Cy)|l < €/2. Define s71(B\C) := {e € G' : s(e) € B\C},
and let Sy := {k : [s7}(Bk\Ck)| < 0o} and Sz := {k : |s7}(Br\Ck)| = 0o}. Let
A = max{| x| : k € S2}. Because ¢(a) € K(X), we know from Lemma B2 that
a € Span{secpas} e, f € G', A € G°}. Thus for every ¢ > 0 we may find a finite
linear combination » 7%, j1jse;pa; s}, such that [la — 3700, pyse,pa;si || < €.

Now since |s™1 (B \Cx)| = 0o, there exists an edge g such that s(g) € By \Cys
and g is not equal to any of the f;’s. Since the Q(By, Cx)’s are mutually orthogonal,
we have that s(g) ¢ Bi\Cy, for all k # k’. Hence

M| = [ A Q(Byr, Cr )|l

=13 MQ(Bk,Ci)sg — Y 115¢,pa, 57, 5]
k=1

= j=1

n m
<UD MQ(BE, Cr) = Y pryse;pa, s |l sl
k=1 j=1

< Z A@Q(By, Cr) — all + [la — Z/‘jSEijjsj"j I

k=1 j=1

<" MQ(Br, Cr) —al| + €.
k=1
Since this inequality holds for all € > 0 we have [A\i/| < || > 7_; MQ (B, Cr) —al| <
€/2. Thus

la =" MQ(Br, C)ll < lla =Y MQ(Br, Co)ll + | Y MQ(Br, Ci)|

k€S k=1 keS2

<€+|)\|<6+€_
g TIWlI=g Ty =C

Now for every k € S; we have that s~ (B, \C}) < co. Since G has no sinks, this
implies that By \C}, is the union of a finite number of vertices that emit finitely many
edges. Since By\Cy is finite [23, Lemma 4.2] implies that pp,\¢, = ZveBk\Ck Dy-
Furthermore, since By \C}, is finite, it is an element of GY and the equality pp, =
PB\C, T PB.nC, — Pp shows that Q(By,Cx) = pp,\c), = EveBk\Ck Py. Since the
Dy’s all emit finitely many edges and since € was arbitrary, the above shows that a €
span{p, : v € G® and v is not an infinite emitter} and hence ¢~ (K(X)) C 1. O

Corollary 6.6. If G is an wultragraph with no sinks, then ¢~ (K(X)) = Co(T)
where T := {v € G : v emits finitely many edges} has the discrete topology.

Proof. Let 6, € Co(T') denote the point mass at v. Then the map 4§, — p, extends
to an isomorphism from Cy(T') onto Span{p, : v emits finitely many edges}. O
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Remark 6.7. If G is a graph, then the C*-algebra A in the graph bimodule [IT},
Example 1.2] is equal to Co(G°) for the discrete space G°. For an ultragraph G
the C*-algebra A arising in the ultragraph bimodule is the C*-algebra generated
by {pa : A € G°}. Since the pa’s commute A is commutative and A 2 Cy(X) for
some locally compact space X. Furthermore, since A is generated by projections the
space X must be totally disconnected. However, in general X need not be discrete.
Despite this, the above corollary shows that the ideal ¢~!(K(X)) corresponds to
Co(T) for some discrete open set T C X.
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